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I am presenting three independent papers, the first two of them in
translation from their published versions having secured permission to publish
them in Russian by the appropriate Editors. Both will eventually be available
in Istoriko-Matematicheskie Issledovania. The third, concerning Romanovsky,
is to appear in a special issue of Archives Internationales d’histoire des
sciences commemorating Adolph Youshkevich, hopefully in 2007.

K HICTOPUU TEOPEMBI BEMECA
O.b.1lleiinun

1. IIpeaucioBue

B 1764 — 1765 rr. KoponeBckoe 00I111ecTBO OMyOJINKOBAIO MEMYap
nokorHoro Tomaca betieca (batieca; 1702 — 1761) [1] ¢ nononHenusamu P.
Hpaﬁcal. MBI paccMaTpuBaeM HEIaBHO BO3HUKILIEE COMHEHUE B aBTOPCTBE
“Teopemsbl belieca”, HO, B COOTBETCTBHH C HAIIUM YOSKICHHEM H IPOCTO IS
ynoOcTBa MUChMa, MBI IPUIEPKUBAEMCS 3TOT0 TepMuHa. HauneM ¢ qByx
MpeIBApUTENIbHBIX 3aMEeUaHHil.

1) MHorue aBTOpBI, CM., HAaIpUMep, [5], monararoT, yto beliec ObLT
yaeHuKoM MyagBpa. DTo, 0HaKO, HE JI0Ka3aHO | B JIIOOOM ciiydae oOydeHHe
MOTJIO OBIIIO OBITH TOJIBKO YAaCTHBIM, TOCKOJIbKY ITOCJIEIHUIA HUKOTAA HE
3aHMMaJl HUKaKUX JI0JKHOCTEH.

2) ITouemy cam beiiec, BuanmMo, He cTapajcs OmyOoJIuKoOBaTh CBOM Memyap?
Byay4u ToHKMM MaTeMaTHKOM, OH HE MOT HE IIOHUMATh, YTO €ro TPy ObLT HE
COBCEM COBEpIICHEH (HO TeM He MEHee HCKITIOYHTENbHO BaxeH) . Tak, OleHKa
uHTerpana B popmyne (1), cM. 1. 2, 6bIJ1a HEAOCTATOYHO XOPOIIIa, HO TOT JKe
yIpeK MOXHO ObUT0 OBI apecoBaTh U Jlamnacy. Y Hac HeT OTBeTa Ha ATOT
BOIPOC (BIPOYEM, CM. KOHEII I1. 6) ¥ MBI JIMIIIb 3aMETUM, 9TO U MyaBp
noyemy-To JieT Ha 12 3anepxkain cBoe coobuienue 1733 r. o “reopeme MyaBpa
— Jlanmaca” u eliie JIeT Ha MATh (TENephb YKe BO3MOKHO BBIHYXJIEHHO) —
COOTBETCTBYIOIILYIO MOTHOLCHHYIO TyOINKAIHIO".

Huckyccus o Teopeme beiteca Hadanach nocie toro, kak C.M. Cturaep
[10] co cceinkoit Ha b. 3unrepa [11, c. 6] yka3zan Ha npumedaTenbHOE
BbICKa3bIBaHue J{. XapTiu 1 UCTOJIKOBAJ €0 KaK CBUAETEILCTBO HHOTO
aBTOpCTBa TeOpeMsl belieca. Bot oHO:

“ ... MyaBp mokasai, 4To €clii IPUYUHBI MTOSBICHUS COOBITUS HAXOAATCS B
ITOCTOSTHHOM COOTHOILIEHNUH K IPUYUHAM €r0 HETIOSBIICHUS U €CIIN
KOJINYECTBO UCIBITAHUN IOCTaTOYHO, TO [CaMU ] MOSIBICHUS JOJIKHBI
HaxOJIUTHCS TIOYTH B TOM K€ COOTHOLIEHUH C HEMOSIBICHUSAMHM; U YTO
MOCJIEIHEE COOTHOLIEHUE HEOPEIETICHHO [HEOTPAaHUUEHHO | CTPEMHUTCS K
MepBOMY IPU BO3PACTAaHUH KOJIMUYECTBA UCTIBITAaHUH ... I300peTaTenbHbIi
apyr [umu: cobpar (friend)] o3HaKOMII MEHS ¢ peleHueM 00paTHOM 3a1auy,
B KOTOPOM OH ONPEEInI 0KUAAHUE TOTO, YTO MIEPBOHAYAIBHOE
COOTHOIIIEHUE MPUYHH MOSIBICHUS UM HETIOSBICHUS COOBITHUS TOJKHO
YKIIOHATHCSA [YKIIOHSIETCS | Ha JII0OYI0 3a/1aHHYI0 cTeneHb (degree) oT p/qg ecnu
W3BECTHO, UYTO 3TO COOBITHE MPOU3OIILIO p Pa3 ¥ HEe MPOU30NLIO0 g pa3. U u3
€ro pelleHus! MPeACTaBISAETCS, YTO MPU OYEHb OOJIBIIOM YHCIIE UCTIBITAHUI
ATO YKJIOHEHUE JIOJDKHO OBITh He3HauuTeNbHbIM ™ [12, c. 338 — 339].



B 1986 r. Cturnep [13, c. 98 u 132] cocnancs u Ha XapTiu, U Ha CBOIO
CTaTbhlo0, HO CBOM MPEKHUHN BHIBOJ Ha3BaJ JIUIIb OJHUM U3 BO3MOMKHBIX
3akmoueHuid. Ho 3atem o [14] nepeneuarain [10] ¢ KpoXOTHBIM
npumedanueM (c. 301), B KOTOpOM OTMaxHYJICS OT MOCJEA0BaBIIECH KPUTUKHU
9TOM CTaThH .

2. Teopema Beiieca

1) Bnepssie, B 1830 r., 310 Beipaxkenune npuMenmn Jx.Y. JIyo6ok u
JIx.9. Ipunkyotep-betyH [6, c. 141], noHnMas o1 HUM BBIpa)KCHHE

P(bsrsc)=j u”(l—u)qciu+j u” (1 = u)ldu. (1)
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Bort cootBeTcTBYy101IEE paccyxaeHue beiieca. Msiu majgaeT Ha €JMHUYHBINA
kBaapat ABCD nubo neBee, 1100 mpaBee HEKOTOPOU npsiMoit MN,
napamienbHoi AB u CD u pacnonoKeHHON Mex 1y HUMU. Bce BO3MOKHBIE
OJIOKEeHUS Kak MN, Tak U TOYKHU ITaJicHUs Msg4a r oTHocuTenbHo AB u CD
paBHOBeposTHBEL. Dopmyina (1) mpenmonaraer, 4to [b; c] — OTpe30K BHYTpH
AD w uto niocine (p + ¢) najgeHuii Msiua TOYKa r 0OKa3ajlach p pa3 mpasee U ¢
pa3 neBee MN.

Beiiec 6e3 Tpyaa nmomy4ns 3HaMeHaTeb npaBoit yacTu Gopmyisl (1) u
MIPUIIOKUI OONBINKME YCUIIUS TSI OIIEHKH ee uncauTens. Bes mpasas gacts (1)
ABIISICTCS PA3HOCTHIO 3HAUCHHUI HEeNOIHOM OeTa QyKiuu

ILp+L;g+1)-L(p+1;9+1).

Beiiec He uccnenoBain ciyyas n = (p + g) - «, a [Ipaiic, B cBoem

COMPOBOAUTENHHOM NMUCbME K MEMYAPY, yKa3all, 4YTO MpeesibHas TeopemMa
“HeI0CTaTOYHO TOYHA™ NJI1 KOHEYHOTO 1. BripoyeM, MpUMEHUB OCTPOYMHBII
npuem, I'.T. Tumepausr, pegaktop Hemenkoro usnanus beiieca [19],
KCCIIEIOBAJI U MPENIETbHBINA ClTy4ai, XOTS U HE PACKPbLI BEPOSTHOCTHBIN
CMBICJ BXOJSIIUX B MOTYYCHHYIO (hopMyny mapameTpoB. Caenars 3To,
OJIHAKO, HECIIO’)KHO U OKAa3bIBAETCS, YTO MO CYLIECTBY NMPEAECIbHBIN pe3yabTaT
beiieca Takos:
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npaBee MN. IlomuepkHem, 4To 3Ta hopMysia HEAOCTATOYHO W3BECTHA.
2) Ilon Teopemotii betieca, oqHaKo, 0OBIMHO TOHUMAETCS] COOTHOIICHHE
(TIpUHSTHIEC YCIOBUS M 0003HAYEHUST OOIIIEU3BECTHBI)
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Cawm beliec paccMaTpuBall JIMILIb YacTHBIHN ciydail n = 1 (u3BecTHbII MyaBpy
[8, 1756, c. 7]), x0oTs mepexo K 00IeMy CIIyqar0 BpsJ I 3aTPYAHUI OBl €T0.
Tepmun meopema beiieca B cmbiciie (3) Bocxoaut k Or. Kypno [20],
KOTOPBIN, BIIPOYEM, BHauUaje (B 1. 88) ynoTpeOui ero ¢ OroBOPKOM.

Wrak, BelpaxkeHue meopema betieca NCTOpUUECKH HEJJOCTATOUHO
onpenenaeHHo. /{15 Hac ero OCHOBHBIM PE3yNbTaTOM SBIISIFOTCS (hopmyisl (1)
u (2). CoBpeMeHHOE U3II0KEHHE €ro MeMyapa, XOTs 1 0e3 MaTrepuasa Hallero
m. 5, cM. [6, 1. 8]. [To moBoay Hamux 1. 2 1 3 cM. Hamu [21] — [23].

3. PesyabTatsel SIkoba bepuysin, A. MyaBpa u beiieca

3.1. SIxko6 BepHyJ/IM BIIepBbIC YCTAHOBUJ COOTBETCTBUE MEXKTY
TEOPETUUECKOH (p) U CTATUCTUUECKOM ( P ) BEPOSATHOCTSIMH, JOKA3aB, YTO C

BO3pacTaHUEM KOJMYECTBA UCHIbITaHUM “‘TI0 cxeme bepuymn” p — p. He

MPUBOJAA TOUYHOT'O BBIPAXKCHUA CT'0 KJIACUYCCKOT'O 3aKOHA 6OJ'II>H_II/IX qucel,
3aMETHM, YTO OH ONPEACIISUT CTATUCTHYECKYIO BEPOSTHOCTH COOBITHS O €ro
TEOPETUYECKON BEPOSATHOCTH U ITO SICHEE BCEr0 YCMaTPUBACTCS B
dhopmynupoBke ero I nasrnozo npedoxcenus (3akoHa 00JbIINX Yucel [24, c.
56]). OgHako, 1 B caMOM KOHIIE CBOero counHeHus (c. 59), u B i1 4
Beprym ynmomsiHy1 oOpaTHYIO 3a/1a4y U YTBEPIKAAJ, YTO PEIINI U €€ TaKKe.
Bot ero xapakTepHoe, HO JIUIIh KAY€CTBEHHOE BHICKA3bIBAHHE:

“... €CIIK KTO-TM00 OYJEeT paccMaTpuBaTh COCTOSTHUE TTOTOJIBI 32 OUYCHb
OOJIBIIIOE YMCIIO0 UCTEKIIHX JIET ... WM ... HAOJIIOAAaTh, CKOJIBKO pa3 TOT WJIH
WHOM [M3 IBYX UTPOKOB] OKA3bIBACTCH ... IOOEAUTETIEM, TO TEM CAMBIM
OTKPOET COOTHOIIIEHUE, B KOTOPOM BEPOATHO HAXOJATCS YKCIIA CIIYYaes ...
[24, c. 42].

N. Tonxauntep [25, c. 73], 1 HEKOTOpbIE MO3AHEUIIINE aBTOPHI 3asIBUITH, UTO
bepHymu neficTBUTETLHO paccMaTprBall Takoe oOpaliieHne, HoO UHbIS
KOMMEHTATOpHI [26, ¢. 351; 27, c. 6 — 7] pa3yMHO OTpHIIAIH 3TO.

3.2. MyaBp u3y4ai BEpOATHOCTHOE TIOBEJICHHE YaCTOCTH (OTHOCUTEIHHOTO
YHCIIa) MOSBICHUS COOBITUS B 1 HE3aBUCUMBIX HCIIBITAHHSIX TIPH 33ITaHHOM
BEPOSITHOCTH TOSIBJICHUS COOBITHS B €AMHUIHOM UCIIBITAHUH, — T.€.
paccMmarpuBai Ty ke cxemy bepnysum. Ero npenensnas teopemMa (teopeMa
Myaspa — Jlamiaca) umeer Bux [3, ¢. 128 — 1307
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Jlamutac sxe ycoBepIIeHCTBOBaJ BBIBOJ 3TOUM (POPMYJIbI U JOMOIHUTEIHHO
HCCIeIoBall citydait 6osbioro koneynoro n. Hu Myagp, vu Jlanac He
BJIQJIENIM HU MIOHATHEM PAaBHOMEPHOM CXOIUMOCTH, KOTOpasi UMEET 3/1eCh
MECTO, HU TIOHATEM AMCIEPCUM U HE OTJIMYAIM CTPOIMX HEPABEHCTB OT
HECTPOTHUX.

Kak u SIko6 bepuymnu, Myap nyman u o0 oOparieHuu cBoeil Teopemsl. B
Memyape [7], KOTOpBI COIEPIKUT €r0 OCHOBHOM PE3YJIbTaT, OH (TOJIBKO B
u3mannn 1756 1.) copmymuposan 3ameyanue 2’ ¢ HEOG0CHOBAHHBIM
yKa3aHHEM Ha OOpalleHHYIO 3a/1a4y:



“... 00paTHO, eciii U3 OECUNCICHHBIX HAOIIOICHUI MBI HAXOUM, YTO
OTHOIIICHUE COOBITHI [OTHOCHUTEILHOE YUCIIO MOSIBICHUM COOBITHUS |
CTPEMUTCS K IETEPMUHUPOBAHHON [OMPEEICHHOM | BEIMUUHE, ... TO MBI
3aKJII0YAeM, YTO 3TO OTHOILIEHUE BhIPAXKAaeT IETEPMUHUPOBAHHEIN 3aKOH, B
COOTBETCTBUH C KOTOPHIM 3TO COOBITHE JOTKHO HpOI/ICXO,I[I/ITB”S [8, 1756, c.
251].

Ho xorna MyaBp 3aKOHYMII IOATOTOBKY TOI'0, YK€ IOCMEPTHOTO
m3nanus? Tam, Ha c. X1, momemeHo cienyromiee aHoHUMHOE “OO0bsBICHHE

“B cBOeM MPEKIIOHHOM BO3PACTE aBTOP ATOM KHUTH OB BEIHYXKIECH BBHIY
MOTCPU 3PCHUS NOPYUIUTH BBIITYCK HACTOAMICTO U3AaHUA OJHOMY M3 CBOUX
npyseut [mnu: coopatbes (friends)], KOTOpOMy OH Jajl SK3EMIUIIp KHUTH
[IpenplayIero u3ganus] ¢ HEKOTOPBIMM ... IOIIPABKAMU U TOIIOJHEHUSMU ...
K HuM penakrop 100aBUI HECKOJIBKO APYTHUX ... U PACTIONOKHII BCE B
OombIeM nopsake ... Bee 3To [0bUTO cienaHo] B COOTBETCTBHH C TIAHOM,
COTJIaCOBAaHHBIM C aBTOPOM 0Oo0Jjiee ueM 3a Tof 10 ero cMepTH [B 1754 1.]”.

Mpbl, o1HaKO, HE 3HaeM, Koraa MyaBp corjacoBall OKOHYATEIbHbIN BapUaHT
CBOEH KHUIHU C PEIAKTOPOM. B mociieiHue rojibl CBOEH JKU3HU OH HE TOJIBKO
HOTEPsU (XOTS BO3MOXKHO HEMOJHOCTBIO) 3p€HHE, HO ¥ BOOOIIIE OTOILEN OT
Hay4YHOH paboTsl. M TeM He MeHee Helb3s UCKIIOUUTh, YT0 MyaBp 11u60
Ipoder NpuMedaTenbHOe BbICKa3bIBaHUE XapTiu, MO0 y3HAJI O HEM OT KOro-
TO (1 UMe OBl TOTJa CYObEKTHBHBIN MOBO/] YIIOMSHYTH 00paIleHHYIO
3ajauy).

3.3. Myasp u Bbeiiec: cpaBHenue popmy. (2) u (4). [pobu B neBbix
YacTAX ITUX (GOPMYIJI MOKHO 3aIucaTh OJMHAKOBBIM 00pa3oM B BUJIE
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XOTs, pa3yMeeTcs, ciydaiiHasi BelIMunHa £ UMeeT B HUX Pa3IMuHbIM CMBICIL.
ITpumeuatenbHo, uTo beiiec, kKoToprlii Takxke (11. 3.2) He BiIaieNn NOHATUEM
JTUCTIEPCUH, BUAMMO MTOHUMAJI, 9TO (hopmyra (4) II0X0 COOTBETCTBYET €ro
oOpareHHoi 3a1aue. B aTom oTHOmIEHNH HHTEpecHO yTBepxkaeHue [Ipaiica,
OTpHIAIOIIIEE [TUTUPOBAHHOE B 1. 3.2 3ameuanue 2 Myaspa:

“SI He 3HAIO0 HUKOTO, KTO MOKa3aji Obl KaK pelmuTh 00paTHYIO 3a/1a4y, T.€.
KaK 110 3aJaHHbIM KOJIUYCCTBAM ITOABJIICHHUA U HEIIOABJIICHHUA HEU3BECCTHOT'O
[Hen3zydueHHOro] COOBITUS ONPEAETUTH IIAHC TOTO, YTO BEPOSTHOCTD €r0
MOSABJICHUA NOJIKHA HAXOAUTHCH I'IC-TO MCIKAY J'IIO6I>IMI/I ABYMA
Ha3HAUYEeHHBIMHU CTEIIEHIMH BeposiTHocm”9 [2, c. 135].

4. Huxoaac CoHaepcoH
Ha ocHoBanuu paznnusbix ucrouHukoB Crurnep [10] 3axmrouni, 4yTo
1) XapTiu B OCHOBHOM 3aKOHYMJI CBOO KHUTY B 1739 1.

2) On 65611 X0poio 3HakoM ¢ Conpepconom (1682 — 1739), cnensim
MaTeMaTUKOM IITPOKOTO KPyroszopa, aBTopoM Hauan aneeopsi, cMm. [28, c. 52].
3) 1 P. Kotc, 1 MyaBp Oblii BeICOKOTO MHEHUS 0 COHZIepCOHE, KOTOPBIN

MPUTOM O3HAKOMUJICSI ¢ MeMyapoM MyaBpa (71",



4) O Bo3MoxHOM 3HaKoMcTBe beiieca ¢ MyaBpom win XapTiau HUUEro He
W3BECTHO.

CootBercTBeHHO, CTUrIep pemu, 4To TeopeMoit beiieca, a Tounee
dbopmynoii (2), Bnanen Connepcon. [Ipumenss popmyiny (3), HO HUKaK HE (2),
OH J1a)K€ BBIYMCIIAII COOTHOIIEHUE aBTOPCTBA 1mMeopembl, KOTOPOE 0Ka3ajaocCh
paBHbIM 3:1 B moJyib3y ero kanauaara. Bripodem, npunaroe Cturiepom
PaBEHCTBO allPHOPHBIX BEPOSTHOCTEH 00EUX TUIIOTE3, 1a U HA3HAYCHHBIE UM
aTlOCTEPHOPHBIC BEPOSTHOCTH COMHUTEIBHBI .

Crurnep, npaBja, He OTPHUIAET TOTO, YTO ABTOPOM 1Meopembl MOT OBITh U
Beiiec, ecnu TOIBKO TOT MPOYEN KHUTY XapTJIM U BOCIIOIb30BaJICS
BbICKa3aHHOI TaM MbIcibio. Ho B TakoM ciyuae beiiec Mor ObI cocnateest Ha
Xaptau [12], na u yrBepxkaenue [Ipaiica (1. 3.3) mpOTUBOPEUUT FTOMY
MIPEIIOJIOKECHHIO W, HAKOHEII, Bpsij i y belieca ObUT MpeAmecTBEHHUK.

5. IlocienoBaBmasi AMCKYCCUSA

1) A.Y.®. Dasapac [30] monaraer, uro beliec nelicTBUTENBHO OBLT 3HAKOM
C BbICKa3blBaHUEM XapTJIM U 4TO MOCIEHUM umen B Buay Myaspa. Bropoe
coOoOpaxeHHe BPsiJ JIK BEPHO, TIOCKOJIBKY XapTiid yioMuHaeT u MyaBpa, u
koro-to uHOro. K Tomy e Myagp (11. 3.2) nuiite 0OBSIBIISUL, YTO PEIIIIT
o0paTHyIo 3ajauy, Aa U cpaBHeHHE popMmy (4) U (2) CBHIETENBCTBYET
IIPOTUB HETO.

2) A.A. Tunnuc [31, c. 329] cunTaer CyuecTBeHHbIM, YTO MOCIE
nyOiaukanuu Mmemyapa beiieca HUKTO He 3asBUJI O IOTEPE CBOETO MPUOPUTETA.
Brpouem, k Tomy Bpemenu Hu CoHziepcoHa, HU XapTiin He ObUIO yXKe B
XKUBBIX. ['Miunc Takke 3ameTni, yTo beilec MOr moy4nuTh OKOHYATEIbHBIN
CTUMYJI K COCTaBJICHUIO (MJIM K OKOHYaHHUI0?) cBoero Memyapa B 1748 r. ot
countHeHus J[. FOma [32], B KOTOPOM TOT paccyxaaji 0 METO/I€ HHAYKIIUH.
Betiec, nomyckaer I'mimuic, cooOuiu o CBOUX pe3yabTaTax XapTiH, TOT ke
ycnen B MOCIEHIO MUHYTY COOTBETCTBEHHO JIOIIOJIHUTH CBOK) PYKOIIHCH.

3) D. Hetin [26, c. 358] monaraet, 4To cOOOIIeHHE B KHUTe XapTiIH BIOJTHE
MOIJ10 MOBIMATH Ha belieca. OH, KakeTcs, Tak ke Kak DJIBapJiC CUUTAET, UTO
Xapriu umen B Buay Myaspa.

4) On xe [33] onucalt pyKOIUCh U 3aMUCHYIO0 KHUXKKY, PUHAJIC)KABIINE,
CyZs TI0 IIOYEPKY, OHOMY U TOMY ke uiy (c. 313) u nmpusen (Tam xe, c.
322) noBoawl B MOJIB3Y TOTO, YTO 3TUM JUIIOM ObLT betiec. Hakonerr, oH (c.
322) 3aMeTuJI, UTO 3Ta 3alMCHAsl KHIKKA CO/IepkKaa JI0Ka3aTelbCTBO
Ilpasuna 2 n3 memyapa belieca. /{1 Hac BaXHO TOJIBKO TO, 4TO, K
CO’KaJICHUIO, J1aTa 3TOTO JI0KA3aTeIbCTBA HE yKa3aHa.

5) A. Xanwg [34, c. 132; 6, ¢. 400]. B nepBoM counHEeHNU aBTOP JIUIIH
COOOIIMI O TUCKYCCUU, HO COOCTBEHHOT'O MHEHUS HE BhICKa3all. Bo BTopoM
CJIy4ae OH CHOBA COCJIAJICS HA MPEAIIECTBOBABIINX ABTOPOB, U, HE MPUBOJS
HOBBIX JIOBOJOB, 3asBUJI, 4TO XapTiu OIUCaN pe3ynbTaT belieca.

6) O. Hdetin [27, c. 8] yeTKO MOBTOPHII (CM. BBIIIE), UTO XapTJIU UMET B
Buny Myaspa.

6. 3ak/104eHue

Beiiec monnma, uro Gpopmyina (4) He OLEHUBAJIA TOJKHBIM 00pa3zoM
M3y4aeMoe COOBITHE MO OOJIBIIOMY YUCTY OSpPHYJIITUEBBIX HCTIBITAHUNA U OH
BpSi T TyMasl 00 OKOHYATEIIFHOM yCTaHOBIIEHUU (OpMYIIHI (3), — KOTOPYIO B
3TOM (M TOJIBKO B 3TOM) CMBICTIE HE CJIeI0Baji0 Obl HAa3bIBaTh €70 UMEHEM.

Juns beiteca 3nauenue GopmyIibl (2)" MOTJIO GBITH OYEBUIHBIM, [IOTOMY
YTO, B35Tasi COBMECTHO C U3BECTHBIMU B TO BPEMS AJIIEMEHTAMH YUEHUS O
ciryyae (4, pa3yMeeTcsi, COBMECTHO ¢ popmyIoii (4)) o3Havasa 3aBepIieHue



ero TorgamrHero Buja. A Bot ¢popmyna (3) 1 TEM MeHee ee YaCTHBIN ciydaii
(11. 2) HAYero MomoOHOro He 00ecIeUnBaa.

BeITh MOXET cymiecTBeHHO, uTo beiiec hakTruecku MOKUHYI CBOIO
JIOJKHOCTB CBSIIIIEHHOCTYKUTEIIS B TO k€ BpeMs (B 1749 r.), koraa BeIUIa B
cBeT kHura Xaptiau [12]. bynyun uepecuyp CKpOMHBIM (IIpUM. 2), OH
BO3MOJKHO PEIINJI TOTJ[a COOOINUTH CBOKO (opMyiTy (2) B 4aCTHOM TOPSJIKE
XapTtiu, TOT ke, Kak npeanoiaoxui ['mmuc (1. 5), ycnen BoucaTh HECKOJIBKO
COOTBETCTBYIOIIUX CTPOK B CBOIO €III€ HE OMYOIMKOBAaHHYIO PYKOIUCh. B
T00OM cilydae CyIIecTBOBaHHE KaKOro-To MpeaiecTBeHHNKa beiieca (Mbl
CHOBa UMeeM B Buy dhopmyny (2)) MmamoBeposTHo. K Tomy ke ee
JI0KA3aTeNIbCTBO COJNEPIKUTCS (KOCBEHHO) TOJILKO B Memyape belieca.

Ipuznamenvrocms. JlaHHas cTaThsl MOSBUIIACH HA AaHTJIUHCKOM sI3bIKE [35]
U MBI OarogapHel pegakTopy >kypHana Mathematical scientist, Prof. J. Gani,
3a pazpelleHue Ha MyOJuKalnIo ee PyCCKOT0O BapuaHTa (C He3HAYUTEIbHBIMU
U3MEHEHUSIMU).

IMpumeyanus

1. Cxarble Onorpaduueckue cBeeHHs 00 ITUX YUEHBIX H KpPaTKOe
onucanne memyapa beiteca cm. [3, c. 137 — 139]. IIpaiic “npeacraBmn’
MeMyap K pyOJIUKaIuy, HO, BUAUMO, JIUIIb B CMBICIIE nepeda; OH CTall
yienoM KoposeBckoro obmectBa Toinpko B 1765 r., beiiec xe Ob11
akageMukoM ¢ 1742 r.

2. C ero uMeHeM CBS3aHO MHOTO COBPEMEHHBIX TEPMUHOB, HAIIPUMED,
betiecosckasn meopema; oyenKa; u beleco8ckull nooxoo; npunyun. 1 B 1o xe
BpeMs OH, Kak mpeanonoxun A.Xambn [6, ¢. 135], ObUT CAUIIIKOM CKPOMEH.

3. MyaBp ynomunaeT uuciio 12 yxe B coodmenuu 1733 r. [7].

4. Tam ke Cturnep [14, c. 52] Ha3BaI HEKUX COBPEMEHHBIX aBTOPOB
y4eHBIMH TepBoro kiacca. OmyOarMKoBaB pelieH3Uy Ha X counHeHnus [15],
[16], mb1 HA30BeM T.M. IlopTepa mOBepXHOCTHBIM aBTOPOM (@ €ro HOBYIO
KHUTY [17] — pbIXy0#, conepxareil rpyoble OIMOKU M HEOCTaTOYHO
MOJIHOM), @ BTOPOTO — HEBEKI0M, yTBEpkKAeHUE ke CTUTIIEpa Mbl CUUTAEM
HegonyctuMbiM. Hamomuum [ 18, ¢. 324], yTo MBI pe3KO OCYJIUIIN €T0 3a
HaJIpyraTesbCTBO HaJl MaMsAThio Ditepa u ["aycca.

5. W. Topxantep [25, c. 192 — 193] noBepXHOCTHO onucall pe3yiabTar
MyaBpa. B yacTHOCTH, OH yKa3aj, 4TO TOT pacCMaTpUBa JIMIIb CIy4Yan p =
1/2 1 3Ta ommbOKa 10 CUX MOP HE UIKHUTA. B omonHeHne K Cka3aHHOMY I10
3TOMY NOBOAY B [3], 3aMeTHUM, 4TO B 3aryiaBun memyapa Myaspa [7]
yIIOMUHAETCS OMHOM (a + b)", T.€., B COBpEeMEHHBIX 0003HaYeHusx, (p + q)", a
Bosce He (1/2 + 1/2)".

6. Jlarutac BeiBen hopmyny (4) B 1812 r., aucnepceuto xxe ['aycc onpenenun
B 1823 1.

7. Ero yxe nutuposain J. [ein [26, c. 352], KOTOpPHI, 0AHAKO, HAIIPACHO
CChUTAJICS M HA Ipyryue MecTa u3 memyapa [7].

8. buHOMMaNIbHOE pacHpeesieHne, KOTOPOE 3/1ECh MOAPa3yMEBAETCs, CTAJIO
y MyaBpa 1eTepMUHAPOBAHHBIM 3aKOHOM; JIUIIb SMIIMPUUECKUE YKIIOHEHUS
OT Hero OKa3bIBAJIUCH cydailHbIMU. M nanee MyaBp ¢uitocodcku paccyxaat
0 3aKOHOMEPHOCTSIX B MMPUPOJE UMEHHO UCXO/S U3 YKa3aHHOTO TOHUMAaHUs
CIy4aifHOro ¥ He0OXOAMMOTO.

9. B camom Hauane cBoero Memyapa beliec OTMETHII, YTO HE OTJIMYAET
waHc OT 6epPOAMHOCMU.

10. lo6aBum u3 memyapa Myaspa [7]:



“... TO, 4TO s clienal, ObUIO B COOTBETCTBHH C TTOOYKJICHHUEM BEChMa
MOYTEHHOT0 JHKEHTJIbMEHA B Xopoliero Marematuka [He Conaepcona nu?] ...
Ternepb s T0OaBISI0 HEKOTOPBIE HOBBIE MBICIH K TpexHeMy” [8, 1756, c. 243]
(TI0 KOHTEKCTY, T00aBIISET, OYEBUIHO K [29]).

11. Hampumep: nockonbky CoHziepcoH 0bU1 3HaKOM ¢ XapTiu, beiiec xe He
OBbLT CBSI3aH C MOCJIETHUM, COOTHOIICHHUE allOCTEPHUOPHBIX BEPOSTHOCTEN B
nosib3y ConiepcoHa oka3bIBaeTcs paBHbIM 3/4 k 1/4 (7). Yuert tpex
MOAOOHBIX 0OCTOATENBCTB (CITy4ailHO) MPUBEI K TOMY JK€ OKOHYATEITHHOMY
COOTHOIIEHUIO, & TOCKOJIbKY allpUOPHBIE BEPOSITHOCTH COBMA/IAIOT, OHO yXKe
HE U3MEHSETCS.

12. 31eck 1 HUXKE MBI UMEEeM B BUAY O€HECOBCKUI BapUaHT 3TOU (HOPMYIIBI.
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Sheynin O.B. On the history of the Bayes theorem

Doubts were recently expressed about the real author of the Bayes theorem.
Here, the arguments put forward in favour of another mathematician as well
as the ensuing discussion are reviewed. It is argued that the expression Bayes
theorem is not historically definite and that, anyway, its author was Bayes
who understood the essence of his main problem better than De Moivre did.

MATEMATHUYECKASI OGPABOTKA HABJIIOJEHUM
Y A. A. MAPKOBA
O.b.1lleiinun

1. Beegenue

MBpI 00cyx1anu uccieaoBanusi MapkoBa B TEOpUHU BEPOSITHOCTEH, B TOM
YHUCJIe U MAaTEeMAaTHIECKy0 00paboTKy HaOmoaeHuu [1]. 3mech, ogHAKO, MBI
OIMHMCHIBAEM MOCIIETHIOK TEMY ropas/io MoapoOHee, IPUTOM C YIETOM
HEKOTOPBIX NO3HEE U3YUEHHBIX HAMU MaTEPUAJIOB, &8 UMEHHO PYKOIIUCH
Mapxkosa 1903 r. [2] u iceM, HaNMCAaHHBIM MY €ro ObIBIINM y4eHUKoOM, b. M.
Kostmoruuewm [3], BIIOCIEICTBUM CTABIIMM BUIHBIM YUeHBIM (4, c. 415]. Hama
CTaThsl BECbMa KPUTUYHA, YTO HUKAK HE 03HAYAET KAaKOTO-TO YMaJICHUs 3aCIyT
MapxkoBa B 00J1acCTH TEOPHUH BEPOSITHOCTEH.

[TepBoe (yiutorpadupoBaHHOE) U3TAHUE Kypca JIeKIuii MapKoBa 1o TeOpuu
BEPOATHOCTEH (BKIItoUasi 00paboTKy HabmoneHnit) nossuiioch B 1893 r. C tex
MOp OH HEU3MEHHO OOCYXKIAll ATy TEMY HE MEHEE YeM B UEThIPEX
MOCIEAYIOIUX JTUTOrpaQUpPOBAHHBIX KypcaxX TeX K€ JIEKIIH, BO BCEX W3/IaHUSX
CBOETO pyKOBOJCTBa [6], B MeMyape [7] 1 B ynOMsHYyTOH pykonucu [2].
MHuenus o 3aciayrax MapkoBa B 00J1aCTH METOJ]a HAUMEHBIIIUX KBaIpaTOB
(MHKB) 6bu1n BHauasie IpOTUBOPEUYHBHI, HBIHE K€, KaK PeCTaBiIseTcs,
OOUIETPUHATO CYUTATh, YTO OH HE JJOCTUT MHOTOTO U MBI COTJIACHBI C 3THUM.

2.Tox 1899-i

Haszeanue Mmemyapa MapxkoBa [7] moka3bIBaeT, 4TO OH UCCIEAOBAI ABE TEMBbI
Y COOTHOUIEHUE MEXKITY HUMH.

1) Bort ero o6mme coobpaxkenus o MHKB: “Mb1 MOkeM IpUTTH [K HEMY |
UCXOJIS M3 CIICAYIONIUX COOOpaKeHUN’: CUCTEMAaTUYECKUE OLTHOKU
OTCYTCTBYIOT; Beca “IpHUOIMKEHHBIX PABEHCTB 0OPAaTHO MPOMOPLHOHAIBHbI
MaTeMaTUYECKUM OKUJAHUAM KBaJPaTOB MOTPEIIHOCTEN; U



“IOCTOMHCTBO Ka)/10T0 MPUOIMKEHHOTO paBEHCTBA Mbl OLICHUBAEM €I0 BECOM
U COOTBETCTBEHHO 3TOMY JIJIsI K&XKJI0I0 HEU3BECTHOTO OTHICKMBAEM TaKOE
NpUOIMHKEHHOE PaBEHCTBO, BEC KOTOPOTo HanOobIIHi. TOIBKO 3TOT BBIBOJ
croco6a HauMEHBIINX KBAIPATOB 51 CUUTAIO PAIIMOHAIBHBIM; OH YKa3aH
I"ayccom. PanmoHaabHBIM s CUMTAIO 3TOT CIIOCOO [3TOT BBIBOJI| TJIaBHBIM
0o0pa3oM MOTOMY, YTO OH HE 3aMeHseT [He 3aTemusieTr?] yciaoBHOCTh [MHKBR].
Mp&I1 He pUMHCHIBaeM [eMy] ... HAUBEPOSTHEUIITNE WITH HanOJIaroHaIe)KHEHIITHe
PE3YNbTaThI, a PACCMATPUBAEM €0 TOJIBKO KaK OOIINi TIprUeM, JaroInui
MPUOTM>KEHHBIC BETUYMHBI HEU3BECTHBIX C YCIIOBHOU OIEHKOW PE3yJIhbTaTOB”
[7, c. 246].

Bnocnenactsuu Mapkos [6, 1924, c. 323] o cymiecTBy HOBTOPHUI OCIEHUE
ctpoku. [TpubnmKeHHbBIMU PaBEHCTBAMU MOTYT OBITh TOJIBKO 7 HCXOHBIX
JMHENHBIX YPAaBHEHUH (BO3MO’KHO UMEIOIIMX Pa3HbIE BECA) C M HEU3BECTHBIMU
(m < n), U3 KOTOPBIX BBIBOJATCS 1 HOPMAJIbHBIX YPABHEHHM, ONPEICIAIONIUX
“npuOIMKEHHBIC BETUYUHBI HEM3BECTHHIX . [IepBble CTPOKM MPUBEICHHOTO
BBICKA3bIBaHUS OCTAIOTCA [TO3TOMY HENOHATHBIMU, IPUTOM CChUIKA Ha ['aycca
otnagaer. OHU MOTYT UMETh CMBICI, ITOXKATYH, JIUIb AJIs CIIy4asi OAHOIO
HEU3BECTHOT'O U BOT, ACHCTBUTENBHO, COOTBETCTBYIOILEE YTBEPIKICHUE
MapxkoBa: eciu MoJy4eHO HECKOIbKO MPUOIMKEHHBIX paBeHCTB a — X' = (),

“rae X' 03HaYaeT YMcIlo, BIOJHE ONpeaeiaeHHoe [?] pe3yabTaTaMu
HaOII0ICHUH, TO MBI OyZIeM BBIOMPATh U3 3TUX PABEHCTB, KaK HAWJIy4Ilee s
OTIpe/IeTICHUs YHcia d, PaBEHCTBO, BeC KOTOpOro Haubonbmmii” [6, 1924, c.
326].

3HaueHus X', Kak MOYKHO IOJIaraTh, BBIBEICHBI U3 OTACIbHBIX PSIOB
HaOmoneHui. Ecinym ux Beca yCTaHOBIIEHBI PealibHO, U OHH HE CIIMIITKOM
pa3UYHBI, TO 3a4eM TOTJa OTOpackIBaTh MOUTH Bee HaOmoaeHus? Eciu ke
Beca CYIIECTBEHHO PAa3IMYHBI, TO 3a4€M BOOOIIE OBLIN HYKHBI MAJIOTOYHBIC
HaOmonenus? U, nakonel, B faibHENHIIEM H3I0KeHUH [0, 1924] mociiequee
BBICKA3bIBAaHUE HE UCIIOJIB3YETCS. YTIOMsIHEM B 3ToM cBsizu Hbiokoma [9]:
ypaBHUBas (HO HE 0TOpachiBas) TaHHBIC 110 HECKOIBKUM aCTPOHOMHYECKUM
KaTajloraMm, OH Ha3HAUYMUJI KaKJJOMY U3 HUX JIBa BeCa, O-OTAEIbHOCTH JJIsi
CHUCTEMATUYECKHUX U CITyYalHBIX OMIMOOK.

OO61mryro ToUKy 3peHuss MapkoBa MOKHO JOMOJTHUTEIHHO WILTIOCTPUPOBATH
nucbMoM 1893 r., mosnyueHHbIM UM 0T KostmoBuya:

“BbI TOBOPHUTE, UTO €CJIM JJAHHBIE XOPOIIH, TO PE3yIbTaThl OyIyT BCeraa
XOpoIIHU gaxe 6e3 crocoda HauMeHbINX KBapaToB. COBEPILIEHHO COTJIACEH,
HO CpE/IM 3TUX XOPOILIUX PEe3yIbTaTOB MOT'YT BCE-TaKH OJHH OBITH JTy4Ille
APYTUX, CMOTPS IO TOMY, KaKk Mbl OyzieM KOMOMHUpoBaTh HabmoaeHus” [3].

Bosspamaemcs k Memyapy [7]. [Iouemy onieHKa TOYHOCTH YCIOBHA, a
BBIYMCIICHHBIC 3HAYECHUS HEU3BECTHBIX HE SIBJISIOTCS HU BEPOSITHEUILIUMU, HU
onaronagexxuedmmu? OTpHUIlaHKE TEPBOTO CBOMCTBA 03HAYAIO OTKA3 OT
niepBoro obocuoBanuss MHKB (1809 r.), oT KOTOpOTo0, BIIpOYeM, OTOIIET U cam
I"aycc. Bropoe cBoiictBo ['aycc B 1823 r. mocuuTan paBHOCHJIbHBIM IPUHLIUITY
HanOOJIBIIIETO Beca (HAMMEHBIIICH TUCTIEPCHH), KOTOPBI MapKoB, OTpHuIias



ONTUMaJIbHbIE CBOMCTBA pe3yabTaroB MHKB, otHako, mOJTHOCTBIO 0H00psT
(cM. HIKE).

OcTaHoBHUMCS Ha 3TOM 3aKitoueHUN. ['aycc He TOBEepsT CBOUM COOCTBEHHBIM
dbopMynaM onieHKH TOYHOCTH. [Ipon3Boast reoesnyeckue HabIOAEHUS, OH
M3MEpSUT YTIIbI TPHAHTYIISAINUY J0 TEX MOp, TIOKa He yOexaamucs, 4To
nanpHelmas padota 6ecrmonesna. Tak, Ha ogHoM ctaniuu oH [10, c. 278 — 281]
M3MEpUII OIMH U3 yIioB 6 pa3, a apyroii — 78 pa3! C tex nop crano eme
MOHSTHEE, YTO, IIaBHBIM 00pa30M BBUAY HAJIUYHUS CUCTEMAaTUYECKUX OMIMOOK,
HaJIC’KHO OLEHUTh TOYHOCTD LIETIH TPUAHTYJISIIUA MOXKHO TOJIBKO MOCIIE TOTO,
KaK CTaHyT U3BECTHBI “‘HEBSI3KU TPEYTOJbHUKOB U HECOOTBETCTBUS MEXKIY
0asucamMu 1 MeXIy a3UMyTaMU, U3MEPEHHBIMU Ha €€ KOHIaXx. MapKoB, OJHAKO,
HUT/I€ HE YIIOMHMHAJ O BIUSHUU CUCTEMAaTUYECKUX OMHUOOK, OH IPOCTO CUMUTAJ,
YTO OHU UCKIIFOUCHBI.

2) [ToBTOpHM, uTO MapkoB noaaepsxan Bropoe obocHoBanue MHKB [7, c.
247]. OH npuBen BBIAEPKKY U3 U3BecTHOro nucbMa ["aycca beccenro 1839 1., B
KoTopoM ["aycc pazbsaCHWII, YTO CUUTAET TOPa30 BaXKHEE TOCTUTHYTh
HAaUMEHBIIIETO 3HAUYCHHUSI MHTETPATbHON MEpPBI TOUHOCTH, HEXEITH JTOOUThCS
BBICITICH, HO BCE PAaBHO OECKOHEYHO HU3KOH BEPOSITHOCTH [T. €. BEPOSTHEUIIIETO
3HaueHus]. MapKkoB 100aBHII, 9YTO COOTBETCTBYIOIIUI BBIBOJ]

“IaeT Bce, UTO HYXKHO JJIsl IPAKTUKU; HO OH HE J]aeT HaM BEPOSTHOM oIMOKu. S
nojarato [MapkoB 1ojaraert], 4To ’Ta COMHUTENIbHAS BEJIMYMHA HE HYKHA;
€CITH K€ €€ He0OX0IMMO UMETh BO YTO OBI TO HU CTAJIO, TO CIEAYET JOINYCTUTh
U3BECTHOE BBIPA)KCHUE JJI BEPOATHOCTH B BUJI€ [HOPMAIIBHOTO; 3TOT TEPMUH
MapKkoB Tak HU pa3y U He yHOTpeOm1] HHTerpaa ... st KaKI0i OIIMOKY B
OTIENBHOCTH, HE3aBUCUMO OT TOT'0, BBIBEJICHA JIU OHA U3 OJHOTO WU U3
HECKOJIbKUX HAOIIOACHUI .

CHOBa HEMOHATHO: €CIIU CUUTATh, UTO COOTHOILIEHUE MEXKY CpEHEN
KBaJpaTU4ECKOI U BEPOSTHOM OIIMOKaMHU U3BECTHO BBUy HOPMAILHOCTH
pacnpezeseHus, TO 0JIy4aeTcs], YTO He Hy’KHA HU Ta, HU Jipyras Mepa
TOYHOCTH.

[To3nnee MapkoB cHOBa 0€3 pa3bsICHEHUH 3as1BIJI, UTO B TEOPUU KOPPEISALUH
U J1aXKe B TECOPUH OLIMOOK OH HE MPUJIAeT

“OOJBIIIOT0 3HAYEHUS TaK Ha3bIBAEMBIM BEPOSITHBIM IOTPEITHOCTSIM U CUUTa[eT]
HX TOJIBKO CPCACTBOM IJId YCJIOBHOI'O CPAaBHCHUSA JOCTOMHCTBA PA3JIMIHBIX
naomogenuii” [11, ¢. 535].

Crnenys npuMepy COBPEMEHHBIX €My aCTPOHOMOB, MapKOB HE YIOMSHYII
CpeaHel KBaJpaTHUECKOW OmMOKH, XOTs ['aycc HECOMHEHHO (M pa3yMHO)
CUYMTAJ €€ OCHOBHOM MEPOU TOYHOCTH.

3) MapkoB npo1oJkall: HOpMaibHOE PACIIPEAEIECHUE TOMYCKAETCS
“COTJIaCHO C YKa3aHUEM MPAKTUKHU , KOTOPOE, OJTHAKO, “TPYJHO YCTAHOBUTH .
Jlpyroe >ke 000CHOBaHHE COCTOUT B TOM, YTO OIINOKY HaOIIOAEHUS
paccMaTpuBaIOT “‘Kak COBOKYITHOCTh MHOTHX OIIMOOK [OHOTO U TOTO ke
NOpsAJKa], HE3aBUCAIIMX APYT OT Apyra” U CChUIAIOTCS HaA “‘TeopeMy O Mpeelie
BEPOATHOCTH .

MapkoB, 01HaKO, OTBEPIHYJI U BO3MOKHOCTh YKa3aHHOTO IIPEICTABICHUS
OLIMOKH, U MPHIOKUMOCTh LIEHTPAIIbHOM MPeeNIbHOI TE€OPEMBbI, TOCKOJIbKY



OHa ‘‘yCTaHOBJIEHA TOJBKO CO MHOTUMH OIPAHUYCHUSIMU, U, Pa3yMEeTCs,
HEOTPaHUYEHHOCTh YK CJIa HAOIIOACHUH.

4) B 3axmrouenne Mapkos [7, ¢. 249 — 250] paccMoTpesn MONbITKH
o0ocuoBate MHKB, ucxomsmnme n3 3akoHa Oosmmx yucesn YeOrniiena.

a) O003HaYNM UCTUHHOE 3HAYCHUE U3MEPSIEMON KOHCTAHTHI Yepe3 a U
cpenHee apupMeTHIeCcKoe U3 n ee HabmoneHui yepe3 x . Torma, Kak 3aMeTui
Mapkos, n3 yrBepxkaenus Mauesckoro [12, . 31 — 32] o Tom, uTo

limP[lx —al<e]l=1,n—-> o 2.1

[T. e. U3 TOrO, UTO X — COCTOSITENbHAS OLICHKA @], “HUYEro He cieayeT
MOCKOJIbKY MaueBCcKuil He CpaBHWII X C JIPYTUMH BO3MOXKHBIMU CPEAHUMHU, CM.
TaK)Ke MyHKT b) H1ke. MapkoB Takxke Ha3Bai (2.1) “H3BECTHBIM
npeamnonoxenueMm ['aycca”. 'aycc, olHaKo, TPUHIHMIUAIBLHO pacCMaTpUBal
TOJIBKO KOHEYHOE YHCII0 HAOI0IeHUH (2 JJIs BEIBOIa IPUHIIUIIA HAUMEHBIIINX
KkBaapatoB eMy B 1809 r. moHamoOMIICS M IPUHIIMI HAHOOJIBIIIETO
MIPaBIONIOI00N).

[TepByto nmonbiTKky o6ocHOoBanuss MHKB ykazanHoro Buaa cuenan Ycos [13],
KOTOpOro MapkoB He Ha3BaJl. 3aMeTUM Takxke, uTo ¢popmyna (2.1) ssBuiach
ciencTBreM Oosee oliero mpeaioxkeHus: Yeowlmena, KOTOPOE OH
HETMOCPEJCTBEHHO ¢(HOPMYITHPOBAI TOJIBKO B CBOUX JeKImsxX [14, c. 165].

b) Hakonen, MapkoB [7, c. 250] 3amerwsi, 4TO ‘“HEKOTOpBIE PYCCKHE
Matematuku® nbiTannck BeiBecTh MHKB  “nocpeactBoM  HempaBHIIBHOTO
npuMeHeHust TeopeM YeObimena”. ViMess B BHay HepaBeHCTBO bheHeme —
UYeOnbImeBa, OH TPOIOTKHI:

“OHu TpeOoBald OT BEPOATHOCTH, YTOOBI OHA ObLIa OOJBINE 3aJaHHOTO
Hamepes 4YHclia, W TPU TOM JK€ HEPABEHCTBE J/JIsi BEPOSTHOCTH WCKAIH
TEeCHEHIIMe TMpeaeasl MOorpemHocTi. [Ipu 3ToM 3a0BIBANIOCH, YTO OJHOMY H
TOMY K€ HEPaBEHCTBY YJOBJIETBOPSIET OCCKOHEUHOE MHOXKECTBO Pa3IUIHBIX
YHCEJl U YTO BEPOSITHOCTH MOXKET OBITH OOJIBIIIE HEKOTOPOT'O JAaHHOTO YUCIIA U B
TO BpeMsl, KOTJa HepaBeHCTBO YeObllieBa 37TOro He OOHapy>KUBaeT’ .

HepaBenctBo breneme — YeOblmieBa HMeeT 10 C KOHEYHBIM, a HE
OeCKOHEUYHBIM, KaK LIEHTpaJibHas IpeieibHasi TeOpeMa, YUNCIOM UCIBITAHUN WIIH
HAOMIOACHNH, OJIHAKO M 3/IeCh B JIOMOJHEHHE K CKa3aHHOMY MapKOBBIM
TpeOOBAJICS MPUHIIMIT HAKOOIBIIETO TPABAOIIOA00HS.

Haubonee untepecHsM B Memyape [7], mockonbky oH otHocwics k MHKB,
ObLTa pemuTenbHas 3amuTa MapkoBbsIM MpUHIKIIA Hanbombiiero Beca. [Ipasaa,
HECKOJIbKO aBTOpoB [15, c. 7; 16, c. 205 u 210; 17] onepenunu ero B 3T0M, HO
M3BECTHEE BCEX CTajlo MHEHHE MapkoBa (He ToJibko B Poccun) BBy 0c000TO
aBTOPUTETA €T0 UMEHHU, YTO Jake IIPUBEIIO K MepeoLieHKe ero 3acuyr (. 5.1). U
B TO K€ BPEMS €r0 TOYKA 3PEHMS HEMOHITHA: METO/, pe3yJbTaThl KOTOPOTO HE
o0namaloT HUKAaKUMH ONTHMAaJbHBIMUA CBOWCTBaMU [7, c¢. 246; HUTHPOBAHO
BBIIIIE], BPSJT TN HYXKIAETCS B KAKOM-JINOO 00OCHOBaHUH.

3.Tox 1903-i1

Mpb1 uMeeM B BUJY Pa3BEPHYTYIO pelieH3nt0 Mapkosa [2], onmyOJuKoBaHHYIO
mumb B 1990 1., cMm. Hamy crareio [19]. B 1902 r. DomuubH, Oymymiwii
Npe3uaeHT  MeXIyHapogHOW  CEMCMHUYECKOM — accouualvd W 4jeH
KoponeBckoro  ofmiectBa,  OmyONMKOBad  HEOPEKHO  BBIMIOJIHEHHOE
uccnenaoBanue [20] MpOYHOCTH CTEKIISHHBIX TPYOOK, MapKoB ke, CKPYITYJIE3HO



MPOBEPUB €ro paboTy, OMPOBEPTHYN coOepXalmecs B HEHl BbIBOABL. He
ITOBTOPSISl HAILIETO OIKCAaHUS €r0 CIPAaBEAJIMBONM KPUTHUKH, 3aMETHUM, YTO OH
OCTaBaJICs B paMKax KJIACCHYECKON TEOpHH OIIMOOK.

Kak pa3 B To Bpems [19] HeckonbKO akaieMUKOB, BKJItoUas actpoHoma @. A.
bpenuxuna, npencrasuiu ['onumpiHa K M30paHUIO B ACHCTBUTEIBHBIC YJICHBI
[TerepOyprckoit akamemMun Hayk, a MapkoB (KOTOpOro mojjepxan JIsamyHoB,
PAaCKpPUTUKOBABIIMI HEKOTOPbIE MEXAHWYECKUE HCcienoBanusd [ onuibiHa)
YCIENIHO IPOTHUBOIMOCTABUII UM CBOE KpalHE OTPULATEIBHOE MHEHHUE O TOJIBKO
YTO BBILIEAIIEH CTAThE.

Bo Bpems mnpoucmienmmx npeHuil MapkoB 3asBWJ, YTO €My ‘‘OYEHb
HpaBUTCA TMpaBuio bpeanxuHa, B COOTBETCTBUU C KOTOPBIM

“JI1st IpU3HAHMS PEaTbHOCTH BEJTMYMHBI BHIYMCIEHHON TpeOyeTcs, YTOObl OHa
0 KpalHEeHd Mepe B JBa pa3a IPEBOCXOIWIA YHUCIOM CBOIO BEPOSTHYIO
norpeumHocTs [19, c. 453 — 454].

[Tomo6HOE MpaBWIIO MPUMEHSIOCh B TO BPEMSI B €CTECTBO3HAHUU: MeEH/ieneeB
[21, c. 46] u Herokom [22, c. 165] He3aBUCHMO JIPYT OT Apyra yKa3bIBalIH, YTO
pacxon(;[eHHe Memz[y ABYMs1 BMHI/IpI/I‘ICCKHMI/I BCIIMYMHAMU CYH_IGCTBGHHO, cClin
OHO TIPEBBHIIIAJI0O CYMMY COOTBETCTBYIOIIMX BEPOATHBIX OMUOOK. Jlis
HOPMaJIBHOTO pacmpeselieHus mpaBuiio bpenuxmaa, kak MapkoB Ha3Baml ero,
BHJIUMO 03HAYaJI0, YTO, TIOCKOJIBKY

P (Ixl < 1.336) = 0.816

(0 — nucnepcus “BbIYUCICHHON BEJIMYUHBI X), BEPOATHOCTh
MIPOTHUBOMOJIOKHOTO COOBITHUS TOCTATOYHO HU3KA.

4. T'on 1924-ii: MmeTO HAUMEHBIIMX KBA/IPAaTOB

B 1920/21 y4e6HoM rogy MapkoB

“HarnpspKEHHO padoTal Ha/l YETBEPTHIM ... U3JaHUEM CBoel KHuru [6, 1924].
Kak n3BecTHO, 3TO U3]aHKE 3HAYUTEIBbHO OTIMYAETCA OT Npeapiayiero” [23, c.
612 - 613].

MapkoB-MIaAIIUK HE YTOYHWII, yCIIeN JIK €r0 OTell 3aKOHYHTH Ty padoTy.
Mp1 Tenephb onuIeM TiaBy 7-10 pyKoBOACTBa [6, 1924, c. 323 — 473],
Ha3BaHHYIO0 Cnocob HaumeHbux K6adpamos. B ipeecTByIONeM u31aHuu
1913 r. cooTBETCTBYIOIIAS TJIaBa HE BKIIIOYAJIa HU UCCIIEIOBAHUS
CTAaTHUCTUYECKUX PSAAOB (Haml 1. 4.3), HM KpaTKOro 00CYKIEHUS JINHEaApH3aI[uu
ypaBHeHuii (c. 469 — 472 B 1924 r.), a matepuain Hauiero 1. 4.7 ObUT B TO BpeMs
PacCMOTpEH €11le MEHee MOIHO yeM B 1924 r.

4.1. IlpeaBapuresbHble coodopakeHus (c. 323 — 326)

MapkoB mpesx/ie BCEro yKa3ai, 9YTO OCTaeTCs IIPU CBOEM MPEKHEM MHEHUU
[7] 06 o6ocHoBannu MHKB (c. 323 mpuM.), 9TO MOATBEPKAACTCS NATbHEUIITM
n3noxkeHueM. Ha Toil sxe cTpanune oH “monyctu[i] cylecTBoBaHHE YUCET,
MPUOIMKEHHBIE BETUYMHBI KOTOPBIX JOCTaBIAIOTCS HaOmoaeHusIMu . CKaxkeM:
JOMYCTHJI CYyIIECTBOBAHNE UCTUHHBIX 3HAYCHHUN N3MEPSEMBIX KOHCTaHT. HUKTO
KpOME HEro Takoro 3aMevyaHusl, KayKeTCs, He BBOJUJI, HO OHO UMEET CMBICIT:
TPACKTOPHS BUSHPHOTO JTyya BCE-TaKH MEPEMEHHA, TaK YTO KE CUUTATH
BEJIMYMHOM yriia Ha MecTHOcTU? Boobmie ke yxxe Dypoe [24, c. 534]
OTIpeAeTUI “UCTUHHBIA O0BEKT UCCIICTOBAHMS KaK MIPEEN CPEIHErO



apu(pMeTHUYECKOTo U3 ero HAOIIOACHHIA TPH HEOTPAHUYEHHOM BO3PACTAHUH HX
qucia. ITo onpesesieHre He OblI0 3aMEeUeHO, HO C T€X MOP MHOTHE aBTOPbI
BKJIIOYas Mu3eca BBOAWIIM €ro 3aHOBO, HE3aBUCHUMO JAPYT OT Apyra [25, ¢. 100 —
101].

Hanee, Mapkos (c. 323 u 373) paccmarpuBai Kax10e HaOIIOACHHE “Kak
YaCTHBIM clydail MHOTHX . B epBOM cilydae OH YTOUHMII, XOTh U HE BIIOJIHE
OTIpeCNICHHO: KaXKIOMY HaOIOIEHUIO KaK Obl COOTBETCTBYET OJTHO
BooOpaskaeMoe. HakoHer, Mbl 3/1eCh HAIIOMHUM 00 yTBep:kJieHnu MapkoBa 1o
MOBOJy MPUHITUIIA HAUOOJBIIETO Beca, KOTOPOE MbI IIUTUPOBAIH B TI. 2.

4.2. YpaBHuBaHUe HAOJI0IeHU 0OTHOT0 Heu3BecTHOIO (¢. 327 — 344)

a) Bosmoxnsie Habmonenus (c. 327). IpeanonoxuB, 4T0 UMEIOTCS
HaOmoneHus a;, i = 1, 2, ..., n, HOU3BECTHOW KOHCTAHTHI, MapKOB yKa3aJ, 4To
HapsIIy ¢ HUMU OH OyJIeT pacCMaTpUBaTh BO3MOXHBIE HaOM0qeHus u;. TpynHO
CKazaTh, moueMy, Borpeku YeorwimeBy [ 14, c. 227], Mapkos (emie uetye!)
MMOBTOPHIJI CBOE MIPEKHEE COOTBETCTBYIOLIEE yTBEpKIeHUE (cM. 1. 4.1). bosee
Toro, Bropoe nucbmo 1893 r. KosmoBuya MapkoBy (1mepBoe Mbl HTUTUPOBAIH B
1. 2) o3Hayano, yto B 1891 r., B cBOeM IuTorpadupoBaHHOM KypCe TEOPHH
BEPOATHOCTEH, OH, BUIUMO, IPUAEPKUBAJICS UHOTO B3rMsaa. BoT uro nucan
KosnoBuu:

“Hackonbko 51 Bac noHsi1, Bel paccmarpuBaeTe Kax10e OTACIbHOE
Ha0II0/IeHNE KaK OJTHO U3 3HAYCHH BO3MOXKHOTO pe3yibTaTa. TakuM obpazom,
JUTSL KaXKI0TO U3MEPEHUSI BOBMOXKEH Psifl pe3yJIbTaTOB ..., OAUH U3 KOTOPHIX
OCYILIECTBIISIETCS Ha Jese. Bce 3To S TOTOB MOHSATH JIJ11 OJJHOTO U3MEPEHHS, HO
KOTJia X UMEETCS HaIp. ABa, TO S HE MOTY IOHATh YeM OTIUYAETCS Pl
BO3MOJKHBIX PE3YyJIbTATOB ... IEPBOTO HAOIIOACHUS OT Psa BOZMOXKHBIX
pe3yAbTATOB ... BTOPOro u3MepeHus. Bornpoc, KoHeuHO, ceiuac ke periaercs,
ecu Bel ckaxeTe, 4TO BEPOATHOCTh OJHOU U TOM K€ OMIMOKHU B ATHX PsIax
pasinyHa, HO Be/lb Bbl BEpOSTHO HE 3aXOTUTE BBOJUTDH IMOHATHE O BEPOSITHOCTH
o0k B Bartire uznoxenue” [26].

Ceituac MbI ObI COUTM HAOJIFOACHUS CIIY9aitHOM BHIOOPKOM M3 TEHEPATbHOM
coBokymHocTU. [1o moBomy mocnenHeit Gppas3sl muchbMa (Iosiarasi Bce e, 4To 3Ta
COBOKYITHOCTbH €JIMHA) 3aMEeTHM, uT0 MapkoB [6, 1924, ¢. 251] BBen noHsATHE O
IJIOTHOCTHU pacipeiesICHus1, HO MO CYIIECTBY HE IPUMEHUI €T0 B
paccMmaTtpuBaemoil riase. OHO MOSBUIIOCH TaM JUIIb Ha ¢. 420 npu
00CYXKIEHUH KOpPEIsLny; BIpouyeM, MapKkoB oOpariaics K HOpMaaTbHOMY
pacnpeneneHuo (CM. HUKe MyHKT d).

b) CobcTBeHHO ypaBHHBaHKE. MapKOB MPEANOI0KUI, YTO HEU3BECTHAS
BEJIMYMHA @ SIBISICTCS JIMHCHHOU (PyHKITMEH HE3aBUCUMBIX U3MEPEHUH a;,
CBOOO/IHBIX OT MOCTOSTHHBIX MOTPEIIHOCTEH

a :Xlal +7u2612 + ... +7\,nan, (41)
M+M+ ... +N =1 “4.2)

371ech ¥ HIDKE CUMBOJI TPUOJIMKEHHOTO paBeHCcTBa (y MapkoBa He =, a #)
MPUMEHSIIICS UM JIJISL TOTO, YTOOBI OTJTUYUTh MOCTOSHHBIC BETMYUHBI OT MX
OLICHOK.

Mapkos (c. 329) 3ameTu, 4yTo Ipyrue cpeanue (Hanpumep, cpeaHee
reoMeTpuyecKoe) He o0ecreunBaeT, Kak Obl MbI CKa3ajil, HECMEIIEHHOCTb, a
Ha c. 447 yxa3an, uto MHKB orpannumnBaercs 00pabOTKOI TUHEHHBIX CHCTEM,



MMOTOMY YTO HEU3BECTHBIMHU SIBJISIFOTCS] MAJIbI€ MTOTPABKHU K IPUOIMKEHHO
W3BECTHBIM BEJIMYMHAM, Cp. HaII 11. 4.7. 31eCch U HUKE OH 00CYK1al
HaOII0/IeHUsI HEPABHOTO JOCTOMHCTBA, HO HE TIOSICHUJI, YTO OT 3TOTO
OTpaHUYCHUS MOXKHO OTKa3aThCsl 0€3 MOTepU OOIIIHOCTH.

Mapxkos (c. 327) BeiOupai Beca p; Tak, 4ToObI

2
E(a — u))” = k/p;, 4.3)
rne k — cpeHss KBaJpaTHUecKas OMMOKa eIMHUIIbI Beca (TEpMUH
KJIACCUYECKOU TEOPHH OIITUOOK) M U; — BO3MOXKHBIC HaOIIOICHUS (CM. TTyHKT
a); MaTeMaTU4ecKoe oxkuaanne MapkoB 0003Ha4aI COKPAIIEHUEM M.O.
CraenoBarensHO (c. 329 — 330),
E(a - [Mu])* = [\Mp] = P,

r7ie MBI BBl 0O003HavyeHue ['aycca Buna [abc] = Y abic;, a P — Bec ypaBHEHUS
(4.1). Heine npotie ckazaTb, 4TO

eciu Da; = 612, T0 D[a)] = [Moo] = [AMp].

VYcnoBue makcuMyma Beca P COBMECTHO C OTpaHUYEHUEM (4.2) TPUBOIUT
(c.332) k

a=aog=[pall Y p;=[pallP,
TIE ag, pa3yMeEETCsl, YAOBJIETBOPSET YCIOBUIO HAUMEHBIINX KBAaAPaTOB
2 .
2 P; (@i —ap)” = min.

¢) Onpenenenue k. Mapkos (c. 338 — 339) BEIYMCIINIT MAaTEMaTUYECKOE
OXUJaHHE k (TEM CaMbIM U MPUOIUKCHHOE 3HAYCHHUE ITOU BEJTUYMHBI):

k= Zpi(ai_ao) ) 4.4)

n—1

BrIknaaku oka3anuch HETPYAHBIMU, HO UX HENb3s ObUTO OB 0000IIUTH Ha
Cly4ail HECKOJIbKMX HEW3BECTHBIX. 3aMETHUM, 4TO ['aycc cuesn BO3MOKHBIM
paccMaTpuBaTh TOJIBKO 3TOT OOINUI CITyda.

d) HopmansHoe pacnipenenenue (c. 341 — 344). Ilycts
A=a—a;or A=a-—ay, (4.5a, 4.5b)

Torja npudmbkeHHoe (?7) 3HaUCHUE EA? (= h) paBHo (4.4). [anee 6e3
MOSICHEHU OH yKa3all, UTO /1 B TOUHOCTH PaBHO BTOPOMY MOMEHTY
COOTBETCTBYIOIIEH CIIy4ailiHOM IEpEMEHHOM (IIOCIEAHEr0 TEPMHUHA OH HE
ynotpe6un). CtpanHo, 4to MapkoB ocTaBui 06e3 BHUMaHus, 4yTo (4.5a) u (4.5
b), paBHO KaKk ¥ COOTBETCTBYIOLINE 3HAUYEHUS /i, OTIIMYAIOTCS IPYT OT Apyra.
Jlanee MapkoB npeamnosioxui, uto A (6e3 yrounenus!) pacupeneneHo, Kak
MBI CKaXxeM, ¢ aucnepcuei i, 1. e. kak N(0, \/h), u, Ha c. 342 — 344, ynomsiHy1n



7IBa BO3MOXKHBIX 00ocHOBaHUs. [lepBoe: A “paccMaTpuBaioT’ Kak CyMMy
MHOTHX HE3aBUCHUMBIX OITHOOK; BTOPOE, HOPMAJILHOCTh COOTBETCTBYET
MPAKTUKE (Cp. €ro OTpULIATEIbHOE MHEHHE 00 3TUX MPENOChUIKax B 1. 2.-3).
OH He yTOYHWJI, YTO YACTHBIE TIOTPEITHOCTH JJOJKHBI OBITH OJTHOTO U TOTO K€
MOpsi/IKa, Ha YTO, KCTAaTH, KOCBEHHO ykazan Jlamac [27, ¢. 536], koTopbiit
3aMETHII, YTO HOPMAJIBHOE pacipeiesieHue B Te0Ie3NIeCKUX paboTax
SIBJISIETCS CJIEJICTBHEM MPUMEHEHUS HOBMOPUMENTbHBLX TEOJIOJIUTOB
(o0ecreunBITUX PaBEHCTBO MOPSIKOB IBYX OCHOBHBIX OITMOOK HAOJIOICHHUS ).

MapkoB He MpeAJIOKIIT HUKAKOT0 KOJIMYECTBEHHOI'O MTpaBuia AJis
MPOBEPKHU YKA3aHHOT'O COOTBETCTBHS, HO Ha C. 349 OH coclialicsl Ha KpUTEPUl
COOTBETCTBUS XU-KBajipaT [lupcona, cM., ogHako, Ham . 4.3b.

4.3. Cratucrtudeckue psiabl (c. 345 — 373)

Ot1oT pazaen MapkoB Ha3Ban OnpedeneHue 6eposmHocmeri no
HAOI0OEeHUSIM.

a) Beruncnenue nmocTostHHOM BEPOATHOCTH (L) B CXE€ME UCTIBITAaHUN
bepnymnu (c. 345 — 349). [lyctb nocne s UCIBITAHUN YUCIIO YCIIEXOB, Ubs
BEPOSITHOCTh TIOCTOSIHHA, PaBHA G; PE3YJIbTAT KAaXJA0T0 UCIIBITAHUS, KAK MbI
CKa)KeM, — MHIMKATOPHAs CIydaifHas TIepeMeHHas X; C OMHOMHAIbHBIM
pacrnpesesieHueM U

ek~ (] oy O5=0)
Exi—a) =k =a(l —a) oD

(4.6)
[Tocnennee paBenctBo cieayer u3 (4.4). C qpyroit CTOpOHBI, TOCKOJIBKY O =
ol/s,

o(s—o0) B

2 ’
S

ky = “.7)

BBIpOKEHHE ‘‘HE BIOJIHE CBOOOHOE” OT MOCTOSTHHON MOTPENTHOCTH. MOKHO
noJiarath (3TOro B TEKCTE HET), UTO MOCTOSIHCTBO ¢ CJIEAYET U3 IPUMEPHOTO
paBeHCTBa k| = kp. OqHO 3ameuanue Mapkosa (c. 345) npencrasisiercs,
OJIHAKO, COMHHUTEJIBHBIM (M HEHYXHbIM). OH yKa3all, YTO MPUHSATHIE UM
pe3yJIbTaThl UCIIBITAHUN 03HAYAIOT, YTO G pa3z 0. = 1 u (s — o) pa3 a = 0. Kak
e Tr/a MOHATh MOCTOSIHCTBO o7

MapkoB nanee 006001IKI CBOE ONMKUCAaHNE HAa HECKOJIBKO PSIOB HCIIHITAHHA.
Ha stot pa3 BeipakeHusIMH 1J1s1 kK, KOTOpPbIE “7T0 U3BECTHOW CTENEHU
o0ecrneunBay MPOBEPKY MPEANOCHIIOK O HE3aBUCUMOCTH UCIIBITAHUN U
MTOCTOSIHCTBA BEPOSTHOCTH 0 (3/1€CH ATO YK€ ObUIO yKa3aHo), ObUIH

ki =[1/(n-D1Y. sil(o/s)— pluk= pd-p). (4.8;4.9)

31ech n — YUCIIO PSIOB U P = ) 6;/y.5; — CTATUCTHYECKAsi BEPOSTHOCTD
ycmexa.

b) CpaBHEHNE TEOPETUUECKOM (p) U CTATUCTUUYECKOM BeposiTHOCTEH (c. 349
—353). MapkoB paccMOTpen 3KCIIEpUMEHT YaJoHa ¢ Opockamu 12 KocTeit
[28]. B 185 6pockax (Ny = 185) ucxompl 5 u 6 He nmosBIIIMCH; B N| = 1149
OpOCKaxX OJMH W3 STUX UCXOJIOB MOSBUJICS OJMH pa3; ...; U B Nj| = 4 Opockax —
11 pa3. [Tocne Bcex 26 306 6pOCKOB cTaTHCTHYECKAsT BEPOSITHOCTD
BBITIQ/ICHUS TIATH WK IIECTH OYKOB OKasajach paBHoit p =0.33770,u p —p



=(0.00436. MapkoB IpUMEHMII LIEHTPAIBbHYIO IIPENEIbHYIO TEOPEMY (a HE
Kputepuit coorBeTcTBUs [Iupcona), 4To0kI T0Ka3aTh, 9TO BEPOSITHOCTD

ycrexa JecTBuTenbHO Obuta Beimie 1/3. OH MOATBEPAMII 3TO 3aKIIOUEHHE IO
TeopeMme belieca ¢ mepexoaoM K HOpMaJIbHOMY pacIpesieIeHUIO U yKa3all, 4To
BEpOATHOCTH HepaBeHcTBa Ap > 0.00436 melicTBUTENHHO ObLIa OYEHB BHICOKA.

N ®ennep [29, n. 2 u3 ri1. 6], u Xanexa [30, c. 201] Takke paccMoTpenn
YKa3aHHBIN KCIIEPUMEHT, PaBHO KakK U ero uccienoBanue [lupconom u
duiepoM (KOTOPBIM 3aMETHII, YTO OTKJIOHEHHE OIbITa OT TEOPUU MOTJIO
OBLTO OBITH BBI3BAHO U U3MEHEHUEM BEPOSTHOCTU BO BPEMEHU, U
3aBHCHUMOCTBIO MEX1y OpOCKaMH).

MapkoB JOMOJHUTEIBHO UCCIEI0BAN TOT K€ SKCIEPUMEHT KaK
o0benuHenue 12 psaoB, mojaras, uro s; = 12N; u o; = iN;. On nomyuun ki/k, =
1.0049 u, MOCKOJBKY BeC BEPOSITHOCTH p ObLT paBeH P = 12:26 306 =
315 672, popmyina (4.4) mpuBena K MaTEMaTHYECKOMY OKHJIAHUIO KBaJipaTa
€ro MOTrPeUIHOCTH

EAp*=k/P=0.71-10"

MapKkoB 3aKJIIOYHII, YTO BEpOsTHAs omuOKa p (37ech v Ha ¢. 418 oH
MOJTYAJIMBO MPEINOI0KII peaIU3alii0 COOTBETCTBYIOLIET0 HOPMAJILHOTO
pacnpenenenus) pasHa 0.00056, Tak 4To ¢ BepOSITHOCTHIO 1/2 BEpOSTHOCTh
BBIMAJICHUS TISATH UM [IIECTH OYKOB B OMBITE Y3JI0HA YKJIOHSIIACH OT P

MCHBIIIC, YEM Ha 3Ty BCJ'II/I‘-II/IHy.
¢) Koapdumment nucnepcuu (c. 353 — 373). Tak Mapkos (c. 353) HazBan
BGHI/I‘-II/IHy

L? = ki/ky,

3aMETHB, YTO 3TUM TEPMHHOM OOBIYHO Ha3bIBalu /k,/k, u Ha c. 355 —356

CKa3aJl HECKOJIbKO CJIOB O €r0 BBEJIEHUU U HccienoBanuu Jlekcucom,
boprtkeBuuem u Jfopmya ( KOTOpBII IPUMEHWI HHOM BapUAHT 3TOTO
koa(durmenta). [Tozxe boprkeBud [31] cpaBami 3acnyru Jlekcuca u
JlopMya ¥ peluTeabHO Npeanodes IepBoro.

Janee Mapkos (c. 356 — 360) mOBTOpHII CBOE MPEKHEE HEMTPOCTOE
JIoKazaTelbCcTBO [11] Toro, uro EL? = 1 u MIIb BBIECAT CBOI
OKOHYATENbHBIA pe3yJbTaT MO MOBOAY E(L* - 1)°. B 3axitoueHue oH
Boramci EL? s JIBYX YaCTHBIX CIIy4aeB IIEPEMEHHOU BEPOSTHOCTH YyCIIEXa.

Kak MbI TOJBKO 4TO yKa3alid, 3TO UCCIIEJOBAHUE CTATUCTUYECKUX PSJIOB
OBLIO HEMPOCTHIM; BMECTE C TeM MapKOB HE YIIOMSIHYII TPUMBIKAIOIIINE
uccnenoanus Yynposa [32; 33], mepBoe U3 KOTOPHIX (¢ 00Jiee MprueMIeMbIM
BBIBOJIOM MAaT€MAaTUYECKOTO OXKHAaHUs KO (PUIIMEHTa TUCTIEPCUN) OH CaM
npeACcTaBuI K myonukamnuu B M3zeecmusx [lerepOyprckoit akaeMun HayK.

4.4. YpaBHuBaHue Ha0J/10IeHUIl HECKOJIbKUX HEeM3BeCTHBIX (c. 373 —
397)

MapkoB pacCMOTpEII ONPEIEIICHNE M HEU3BECTHBIX A1, 2, ..., Gy IO 1
HE3aBUCHUMBIM HaAOJIIOACHUAM (11 > m) by, by, ..., b,, CBOOOJTHBEIM OT
MOCTOSIHHBIX OIUOOK, B COOTBETCTBUU C TUHEHHBIMU yPaBHEHUSIMU

A],‘Cll +A2ia2+ +Am,-am:bl-, I= 1, 2, e, N (410)



Ero o6mme cooOpaxkeHus: ObUTH, KOHEYHO ke, M3BecTHRI. Kak u B 11. 4.(2a),
HEOOBIYHBIM OBLIO BBEJICHUE BO3MOKHBIX PE3YJIbTaTOB HAOIIOIeHNA. MapKoB
MCXOJIMIT U3 IPUHIIAITA HAUOOJIBIIIET0 Beca, MOTYYHI HOpMaabHbIC ypaBHEHUS,
BBIYHMCIIMII Beca [OIICHOK | HEM3BECTHBIX, M BhIBEN (popmyiny ["aycca ais
CpeaHel KBaJpaTHUECKON OIMOKH €MHHUIIBI Beca, T. €. popmyiny (4.4) ¢
MOAXOIAIIE U3MEHEHHBIM YUCITUTENIEM U CO 3HaMeHaTeseM (n — m).

4.5. Unrepnoasiuus (c. 398 — 403 u 427 — 446)

Jlanel 3HA4YeHUS y;, [ = 1, 2, ..., n, HEU3BECTHOM JTUHEHHON QyHKIIHNH y (X) B
TOYKaX HAOIIIOJIEHUS X;, KOTOpbIE CYUTAIOTCS Oe30mubouHbIME. Tpedyercs
OTIpeCNTUTh 3HaUeHHE (PYHKIIUU B IPOU3BOIHHON TOUYKE X 110 IPUHLIUITY
HanOombIIero Beca (c. 398 — 403).

BBens cpennee apudmernueckoe HaOMIOACHUN X , M BBIpaXKas y Kak

y=ai+a(x— X)

C elle HEM3BECTHBIMH KO3 PuIenTaMu, MapkoB IPUHUMAET, YTO ) = Y A;y; U
OTPaHWYMBACT MHOXHTEIH A; YCIOBUEM

YAy =y, (4.11a)

KOTOpOE 00eCIeunBaeT OTCYTCTBHE TIOCTOSIHHOM MorperrHocTH. OKa3bIBaeTCs
MO3TOMY, YTO

> hixi=x. (4.11b)
Janee, moyioxxus
Ai = pp+ po(xi - X)), 4.12)

MapkoB BBIYHCIIIET HEU3BECTHBIE A, L] U |12 ¥ YKa3bIBAET, UTO HalIEHHBIE
TakuM 00pazoM A; 00ecreunBarOT MAaKCUMANTbHBIHN Bec. Jla, MOCTOSIHHBIE
OomMOKHM OBUTH UCKIIIOYEHBI, HO HE TaK KaK paHbIle: yciaoBue (4.2) Ob110
HE00XO0AMMO MTOTOMY, YTO Kax/10€ HAOIIOACHHOE @; OBIJIO IPUMEPHO PABHO
€IMHCTBEHHOMY HEU3BECTHOMY (&), 371eCh K€ Y; MOTYT 3HAYUTEIILHO
pa3HUTHCS APYT OT Apyra. Uto kacaercs ycnoBuit (4.12), ocraeTcst HEsICHBIM
KaKuM 00pa3oM OHM MPUBOJAT K MaKCUMaJIbHOMY Becy. Bo Bcsikom ciiyuae,
npo0JieMy HHTEPIOJISIIMU MOYKHO HETTOCPEJCTBEHHO U TOPA3/I0 MPOIIe
permuth o MHKB 6e3 npuBnedeHust MHOKHUTENEH A; [35, m. 17].

Mapxkos (c. 427 — 446) Taxxe uccienoBal mapaboInIecKoe
uHTepnonuponanue. OH nocienoBai 3a UeObleBbIM U PUBET
pa3paboTaHHbIe TPUMEPHI (YKa3aB HECKOJIBKO HEOYETOB B BEIYUCICHUSIX
cBoero yuurensi). Ham goctatodHo cka3zarh, 4TO Ha 3TOT pa3 MapkoB u3opai
IIPSIMOH IIyTh.

4.6. Koppeasiuus (c. 403 — 427)

MapkoB paccMOTpel TUHENHYI0 Koppensiuyio 1 npumennt MHKB s
ONpeAeIICHUs MAapaMeTPOB JIMHUHN perpeccuu. OH Takke UCCIe10Bal
Cily4JaiiHble IEpEMEHHbIE C TUIOTHOCTBIO PACIpe/iesieHUsI B BUE
KBaJIpaTU4HOI (OPMBI, — B BUJIE

f= apx, + 2a12x1x2 + arXxy



JUTSL IBYX TIEPEMEHHBIX, — U Aaxke B Bue g (f), rae dyHKIms g Oblia
OrpaHHYeHa TOJIbKO OOIIMMHU aHAIUTUYECKUMH U CTOXaCTUYECKUMU
TpeboBaHUSAMU. MapKOB HE COCIAJICS Ha OAHY U3 CBOMX MPEABIAYIINX TJIaB, B
KoTOopo# (c. 275 — 287) OH paccMaTpUBAIl C843aHHble TIEPEMEHHBIE C
TIOTHOCTBIO ¢ 1 B GHGIHOrpadmIo K KOTOPOi OH BKITIOUHMI KHUTY CITyIIKOTO
[36]. B 1916 . Mapxkos [11, c. 533] moasepr Teopuio KOPPEIAIHUHA OCTPOU 1
y>K€ B TO BpeMsl, BUAMMO, HE3aCIyKEHHOM (HECMOTpPS Ha TPOTUBOIIOIO0KHOE
mueHnue 1O. B. JIluHHMKa, BBIpa)KEHHOE UM B KOMMEHTAapHUH K 3TOM CTAThE),
[30, m. 27.7] xpuTHKe, yKa3bIBasi, YTO OHA, OTPE/EIAs BEPOSITHBIC
TOTPEITHOCTH “‘pa3IMYHBIX KOIP(HUIIMEHTOB”, “BCTyIaeT B 00J1acTh (haHTA3HH,
TUITHO3a U BEPHl B MaTeMaTuueckue (hOpMYIIbl, KOTOPHIE B IEHCTBUTEIILHOCTH
HE UMEIOT TBEPIOr0 HAyYHOr0 OCHOBaHUs . B 1924 r. oT KpUTHKH OH SIBHO
OTKa3aJIcs.

4.7. YpaBHuBaHue Ha0J/10IeHU HECKOJLKHUX MepeMeHHbIX, 0000111eHne
(c. 446 — 469)

ITycTh, BHo6aBok k cucreme (4.10), nMeeTcs e1ie HeCKOJIbKO YpaBHEHUH

Aﬂal +Aj2612+ +Ajmam=cj,j= 1,2, ...,s, (413)

KOTOpBIE JOJIKHBI OBITH BBIIIOJIHEHBI TOYHO; IPOCTEUILINI IpUMEp: TOCIe UX
WCIIPaBJIEHUsA, CyMMa U3MEPEHHBIX YIJIOB IIJIOCKOTO TPEYrOJIbHUKA JOJIKHA
paBHsATBCs 180°.

MapkoB 3aMeTHJ1, YTO HCII0JIb30BaTh ypaBHEHUS (4.13) MOxHO 100 1S
HCKJTFOYCHHS § HEU3BECTHBIX M3 cucTeMbl (4.10), 1100 Ha3HAYMUB KaXAOMY U3
HUX OECKOHEUHO OOJIBIION BEC U MPUCOECTUHHB UX BCE K 3TOH cucteme. O6e
3TH BO3MOXKHOCTHU OH MOIpoOHO uccienoBair. OgHaKo, BO-MEPBBIX,
paccMmarpuBaeMoe 0000IIeHHEe HE TIOTYYHIIO IIUPOKOTO PacTpOCTPaHECHUS,
x0Thb beccenb 1 mpeniokuin CoOOTBETCTBYIOMIMIA CITOCOO €ro ypaBHUBaHHUSI.
Bo-BTOphIX, MapKkoB OCTaBMIJI B CTOPOHE BaXKHBIN M OOBIYHO MTPUMEHSIBIIUNCS
croco0 ypaBHUBaHMS TPUAHTYJISALNN, — YpaBHUBAHHUE MPSMBIX HAOIIOACHUI ¢
VCA08UAMU TIO Memo9y YCio6ubix ypasHenuil. imenHo, naunnas ¢ ['aycca [37],
ypaBHeHus (4.13) BBOAWINCH B YpaBHUBAHUE COBMECTHO C
HENOCPEACTBEHHBIMU U3MEPEHUSMH, T. €. HE ¢ ypaBHeHUsMHU (4.10), a ¢
paBEeHCTBaMU THNA a; = b;.

B 3akitouenrie MapkoB ypaBHsUT YIIIbl g; TIFIOCKOTO TPEYTOJIbHUKA, MOJIaras,
YTO OHU OBLITM U3MEPEHBI 11; Pa3 C BECAMHU Ka)X0T0 U3MEPEHUS, PABHBIMH p;.
Bpsin mu Takoe 06001IeHre OBLIIO0 HHTEPECHO: MOXKHO OBLIO OBl OOBEAUHUTS 1;
U p; B €IUHBIA apameTp.

5. O6cyxnenue

5.1. OGocHoBaHMEe MeTO/1a HAMMEHBIIMX KBA/IPATOB

Heiiman [38, ¢. 595] ommbouno npunucan MapkoBy BTOpoe
(oxonuarensHOE) obocHOBaHMe MHKRB mo npuHInmy HanbobIIero Beca,
COSIMHEHHOTO ¢ HeCMEIICHHOCThIO. 3aTeM JletiBua u Hetiman [39]
MOBTOPHWIIX ATy OIIMOKY U JaXKe YXYALININ MTOJI0KEHHUE JJOKa3aTeIbCTBOM
060bwennol meopemsl Mapxosa, hakTuuecku mpuHAIeKaBIIeH [aycey.
Bnpouewm, Heitman [40, c. 228] B KOHIIE KOHIIOB MMPU3HAI CBOIO OITUOKY, HO
yxe nociue Toro, kak [lnakerr [41, c. 460] 3akmtouns, uro MapkoB “MokeT
OBITH MOSICHUJI TIPETIOIO0XKEHUS [BBeIeHHBIC ITpu o0ocHOoBanun MHKB], HO
He J0Ka3asl Huuero HoBoro”. Ilone3no 3ameTuth, uro Konmoropos [42] He
ynoMsHyn MapkoBa; OH, IpaBJia, BoooO1e nocie ['aycca He Ha3Baix HUKOTO IO



UMEHHU, HO, IIOCYUTAN OH 3TO BO3MOXHBIM, HaBEpHOE clienal Obl aist MapkoBa
UCKITIOUYCHHE.

N nocne Bcero aroro Jleman [43, ¢. 587], kak ykazan npyroi aBrop [44],
MYCTHJI B HAYYHBIH 000pOT TepMUH meopema I aycca — Maproea, KOTOPBIT
Cenera [46, c. 265] cipaBeyIMBO Ha3BaJ OIMIMOOYHBIM U T0OABHII, UTO B
COOTBETCTBYIOIIUX paboTax MapkoBa mano opueunanreHocmu. TeM HE MEHee,
MMOBTOPUM (CM. KOHEII 1. 2), 4T0 MapKOB peHIUTENbHO MOACPHKa MPUHIINIT
HauOOJIBIIIETO Beca. DTO TeM 00Jiee BAXKHO, YTO OT 3aCTapelIbIX OITHOOK
TpyAHO u30aBuThCS: naxe @umep [48, c. 260] cunrain, uto MHKB sBnsercs
“crieliMaNbHBIM MPUJIOKEHUEM METO/1a HauOOoJIbIIETro MPaBaoNoa00us, U3
KOTOPOT'O €r0 MOXHO BBIBECTH .

5.2. [lpumMbIKaoMe TeMbI

O6ocunoBanre MHKB B yka3aHHOM TOJIBKO YTO CMBICIIEC O3HAYAET
HEOOXOMMOCTh BHIOOPA HECMEIICHHBIX M 2((HEKTHUBHBIX OIIEHOK, U JINHHHUK
u ap. [49, c. 637] 3asBunu, uro MapkoB “no cymiecTBy” 3TO U c/eiiaj, HO TO
&Ke camoe MOXHO ObL10 cka3zaTh npo ['aycca! Cp. Heiiman [38, c. 593]:
3HAa4YeHHE COOTBETCTBYIOLINX PabOT MapKoBa COCTOUT ‘B OCHOBHOM B SICHOU
dhopmynupoBke podaembl”’. B 60bII0N CTENIEHH OH, KCTaTH, TEM CaMbIM
BO3pa3mi camomy cebe (cm. 1. 5.1).

U BoT MHEHUE nBYX aBTOPOB: pabOTHI MapkoBa — MPUBEIH “K MOJTHOMY U
3aBEpPIICHHOMY PEIICHUIO OCHOBHBIX BOIIPOCOB ... CIOCO0A HAUMEHBIIIIX
kBazpatoB” (besukosuu [50, c. VII]); — noBenu meron ["aycca “mo Beiciiero
JIOTUYECKOro U Maremarudeckoro coepueHctsa” (Maenscon [35, c. 14]). Ho
ATO HEBEPHO, a be3nKoBUY CTOJb K€ HEBEPHO MpUnucai MapkoBy
“COBEpILIEHHO HOBOE pa3BUTHE” Teopuu Koppemauuu (c. XIV).

5.3. Bopocbl MeTO1010TUH

ITo moBOAY METOI0JIOTMYECKOM LIEHHOCTH paboT MapkoBa CyIIeCTBYIOT
MIPOTHBOIOJIOKHBIC BEICKa3bIBaHUs. bepumTeitn [51, c. 425] 3asBuin, uTo
pykoBoacTBo MapkoBa [6] 1 “ero opurnHaabHble MEMYaphI SBISAO[TCA]
o0OpasmamMu TOYHOCTH | SICHOCTH U3JI0XeHus, a JImaauk u ap. [49, c. 615]
yKa3alli, 4To JUIsl CTUJIsl MapKoBa “XapaKTepHbI ICHOCTh U Y€TKOCTh S3bIKA,
TIATEJIbHAS OTAENKA JIeTaliell” U pe3yJIbTaTOB. MBI HE COTJIACHBI C
MOTI0OHBIMU OLIEHKAMH, a IO TIOBOJTY OTJICJIKH JIeTajei Mbl HAIIOMHUM 00
oTka3e MapkoBa OT pacCCMOTPEHHUSI BaKHOTO BapUaHTa YpaBHUBAHUS
u3mepenuii (. 4.7). Bor nonxonsiiee Muenue baymunrepa:

“OToT ciaydail [ypaBHUBaHHUs| BCTpEUaETCsl HA IPAKTUKE OUYEHb YacTO U
IIO3TOMY JIOJDKEH OBITh 00CYX/IE€H, XOTh OH U SIBJISETCS YACTHBIM CIIy4aeM
npeapiaymero” (KoTopslii MapkoB IEHCTBUTENBHO paccmaTpusan) (52, c. 794].

W mb1 He noBepsiem Uynposy [53, ¢. 167], koTopslii os1arail, 4To KHUTa
Mapxkosa [6, 1924] “moxeT ObITh IPU3HAHA HACTOJIBHBIM PYKOBOJICTBOM 1O
TEOPHUH BEPOSATHOCTEN SISl CTATUCTUKOB™ U 4TO Juisi MapkoBa XxapakTepHa
“mpo3pauHas SCHOCTb U3JIokeHus . Bripouem, oH (c. 168) pazymHo Bo3pa3ui
MPOTUB 00CY)IeHus Koppensuuu B riiaBe 0 MHKB u cymectBeHHO
packpuTHUKOBaa caMo ee u3noxkenue. [1lo ornomenuto k MHKB Mapkos cam
npusHaicsa B 1910 r. [54, c. 29], uTo eMy “‘4acTo MPUXOAMIOCH CIBIIIATH, YTO Y
MEHS [y HET0] U3JI0’KEHO HEIOCTATOYHO SICHO . BCMOMHMM 1O 3TOMY MOBOTY
KostnoBuua (1. 4.2a) u ynomstnem Uaenscona [35, c. 101]: rmaBa o MHKB B
PYKOBOJCTBE “TpyaHo HamwucaH[a]”. [la u BooOmie ctuiib MapkoBa ObLT
TsDKEJOBECeH U uHoraa [55, ¢. 341] ero ObLIO IOYTH HEBO3MOXKHO MOHSTH.



MapkoB o4ty He HyMepoBai cBOM (popMyIibl, OH UX nepenuchiBail. Ha c.
328 — 330 paBencTBo (4.2) mosBIiIock 5 pa3! OH SBHO H30erai yKazaTrelbHbIe
MecrouMeHnus. JleficTBuTensHO, Ha ¢. 328 (aHaJIOTMYHbIE CIy4yau cM. C. 379 u
381 — 382) mb1 untaem: “Bri0op k03pGUIIMEHTOB [ClienyeT BRIKITIOUCHHAS
CTpOKa] HAXOAUTCS B HAIIEM PACTIOPSKEHUU. MBI IOTIMHUM KO3 (PUIIHESHTHI
[sTa cTpoka moBTOpEeHa] NIBYM yCJIOBHSIM ... MapKOB HE IPUMEHSIIT CKOOOK
I"aycca (1. 4.2b), a 0603HaYeHUE ISl CPETHETO apHUPMETUIECKOTO BBE JIUIIb
Ha c. 463. TepMUHBI HOpMATbHOE pacnpedenenue U Jaxe Ko3ppuyuenm
KOppenayuu y Hero OTCYTCTBYIOT; OH HU pa3y He cKa3all HU C1yyaliHas ouuoka,
HU cayuatinas éeruyuna. Bot ero ooObsicHenne 1912 r.:

“sI moBcroAy, I/i€ TOJBKO BO3MOXKHO, HCKITIOUY HUYETO HE OMPEACIISIIOIINE
CIIOBA CYUAHO Y HAYyOayy; TIIE )K€ TIPUIETCS YIIOTPEONISITh UX, IPUBEIY
COOTBETCTBYIOIIIEE ... 00BsACHeHUE [54, ¢. 71].

U Bce-Taku Hayoayy OH IPUMEHST, 0COOEHHO MPU 0O0CYKICHUU
r€OMETPUYECKON BEpOSITHOCTH [6, 1924, r11. 5], HO MUHOTAa BMECTO CIYUAUHbIU
TMcan HeonpeoeseHHblli, 4TO ObIJI0O HAMHOTO XY>Ke. [ 'opa3io npaBusibHee
noctynwi Bacunses [56, ¢. 127 — 131], koTopblii oqHUM U3 nIepBbIX B Poccun
HavaJl MPUMEHSTh TEPMUH CIVUAUHAs 6eaudunda, a Ha c. 133 mobGaBwi, 4TO
“crmyvaifHple OIIMOKY UMEIOT BCE CBOMCTBA CIydyalHBIX BeIHYUH’ (M “‘CBOM
CIieIMaJIbHBIC CBOMCTBA”).

bubnuorpaduyeckue cchuiku He ObUTH Y MapKoBa JOCTaTOYHO
onpeneaeHHbIME. Tak, Ha ¢. 427 OH MPOCTO cociayics Ha 00a ToMa (TIEpBOTO)
coOpanus counHeHuii YeoObImena, a Ha ¢. 163 npusen Tpu 6ubnuorpaduyeckue
cceutkM Oe3 mar myonukaruu. lanee, Ha c. 10 (BHe cBsi3u ¢ MHKB) on
copMynupoBai akcuoMy (KOTopasi BpsiJ JIM MEpEKuIIa ero, cM. 1. 5.5), He
BBIJICTIMB €€ U3 KOHTEKCTa U COCJIaJICS Ha Hee Ha C. 24, a CTPYKTypa €ro
PYKOBOJICTBA YCIOXHSIACH C KXKIBIM U3JaHUEM.

Hakonen, rmaBa o MHKB Obuta Bpsin i mpuiiekaTenbHa. Hu matematukam,
HU T€0/IC3UCTaM HE MOTJIO TOHPABUTKLCS (PaKTUUYECKOE 3aMaTdYMBaHie paboT
[Tupcona (cm. Takxe 1. 5.4), TOCIETHUM ke, KPOME TOTr0, HE Hy)KHA OblTa HU
WHTEPIIOJISIINSI, HA UCCIIEIOBAHUE CTATHCTUUYECKUX PSIIOB, & BOT O KOPPEISALIUN
UM creaoBasio Ob1 mpouecTs Oombire. Jlanee, orcyrcrBue ckobok ['aycca u
yrnoTpebsieHHe JaBHO YCTapeBIIEro TePMUHA NPAKMUYECKAsl 2e0MempUs.
BMECTO eeode3us (C. 462) Bps i ObBLIO UM T10 BKYCY.

MpI 00s13aHBI 706aBUTE, YTO MapKOB OBLJT XOPOIINM MIE€AaroroM  HayYHbIM
BocniutateneM. Tak yrBepxaaet H. M. ['tontep [57], oauH U3 ABYX €ro
u3BeCcTHBIX yueHHkoB. pyrum 6su1 1. A. I'paBe; Bpouem, 06a oHu ObUTH
Taxke MHOTUM 00s13aHbI A. H. Kopkuny.

5.4. OTHOIIEeHHE K pa0oTaM IPYrux aBTOpPOB

Crona yactuuHO oTHOCUTCS Hami 1. 5.3. Yympos [53, c. 169 — 170] 3ameTw,
410 MapKoB “NOYTH HE BBIXOAHUT 32 PAMKH CBOMX COOCTBEHHBIX TPY/IOB;
n00aBUM, UYTO OH HE cocnalics Ha paboTel Uynposa (cM. 1. 4.3¢). MapkoB He
YIOMSIHYJI HI MHOTUX MHOCTpaHHBIX yueHbIX (borpmana, CthiofenTta, Ouiiepa,
Ona), au naxxe C. H. bepuimreiina, paBHo kak HM Mu3eca, Hu Jluaaebdepra.
Brpouem, npo nByx nocieqaux MapkoB MOXKET ObITh 3HAJ HEAOCTATOYHO
BBH/]y 0011Iero ToraamiHero nojoxenus B Poccun. Hegapom oH BooO11ie He
cocJiajicd HA Ha OJTHO COYMHEHME, BBILIEAIIEE B CBET 1ocie 1914 r.

Kpowme Toro, MapkoB Jiniilb BCKOJIb3b YIOMSHYJ U KPUTEPUH COOTBETCTBUS
ITupcona. Xyxe Toro, ero paccyxacHus B 1. 4.3b HaBOAWIN Ha MBICIIb, YTO



3TOT KPUTEPU BOOOIIE HE HYKeH: MapKoB MPUMEHHI KJIACCHUECKUE TEOPEMBI,
MIPUTO/IHBIE JIJIs1 OOJIBILIOTO YUCIIa U3MEPEHUH, TOrJa KaKk HOBOBBE/ICHUE
ITupcona storo He TpedoBaino. [lanee, Mapkos (11. 4.6) ene KOCHYICS
KOppessuu 1 BooOuie He ynoMsiny KpuBbix [Tupcona. Onu, npasna, He OblTH
J0CTaTOYHO 0OOCHOBaHBI, HO BeJh cam Mapkos [6, 1913, Beenenue,
nepeneyarado B 1924 r.] 3asBui1, 4TO B NPUKIAAHON MAaTEMATHKE ‘HENb3sI
COBEPILIEHHO OTKA3aThCs OT MPUOIMKEHHBIX (POpMyJI, OcTarouuxcs ... 6e3
OIICHKU WX TorpemHocTy”, a B 1915 1. nmpsmo ykazain, uto Gpopmyisl [Tupcona
SMIUPHUUYECKUE, a TOTOMY HE TPEOYIOT TEOPETHUECKOTO JI0KA3aTebLCTBA 1
MOTYT OBITh 0OOCHOBAaHBI CBOMM COTJIaCHEM ¢ HaOmoaeHusaMH [58, ¢. 32].

Bo3mokHO, uT0 MapKoB B 3TOM cily4yae MocTynajil B COOTBETCTBHH CO CBOUM
MIPaBUJIOM, KOTOPOT'O BPSIJI JIU CIIEA0BAJIO KECTKO MPHUAECPKUBATHCS U KOTOPOE,
BUJIUMO, TIOSICHSIET, IOUYEMY OH HE COITPOBOJIUII CBOM Yenu YKa3aHUEM Ha UX
BO3MOXHOE €CTECTBEHHOHAYYHOE NpujiokeHue. Bot uro on Hanmucan B 1910 r.
[54, c. 59]: “S uu Ha war He BhIMAY U3 TOW 00JACTH, T/Ie KOMIIETCHIIUS MOS HE
MOXET MOJJIekKaTh COMHEHUIO . A Bellb MapkoB MOT, HallpUMep, MOJKPEIUTh
u3BecTHoe paccyxkaeHue [lyankape 1896 r. o paBHOMEpPHOM pacrpeneacHun
SKIUNTUYECKUX JO0JITOT MaJbIX IJIAHET CCHUIKON Ha 3ProAHYecKOoe CBOWCTBO
(xak OBI MBI CKa3aJId Ceivac) OJJHOPOIHBIX IeNei ¢ KOHEYHBIM YHCIIOM
coctosiHuil. CTpaHHO TaKXe, 4TO, B MPOTUBOMNOJIOKHOCTH Jlamnacy, MapkoB
HUYEro He CKa3aj O MPUHIUIINAIBLHOM MO0Jb3€ MHCTUTYTA CTPaXOBAHUS )KU3HU B
CBOMX Ta3eTHBIX cTaThixX 1906 r., pe3Ko KPUTUKOBABIINX HEBBITOJHbIE JIJIS
HACEJIEHUs yCIIOBUS CTpaxoBaHus aeteit [59].

C npyroii ctoponsl, 1o cpaBHeHHIO ¢ 1916 T. (11. 4.6) MapKoB HECKOIBKO
CMSITYMII CBOIO TOUKY 3PEHUS Ha KOPPEJIALUIO M MOTYAJIUBO MPU3HAI
(mpuMepHOe) HOpMaJIbHOE pacIpeiesieHre OIMOoK HabmoaeHus (cp. nm. 2.-3 u
4.2d). On, kpome TOrO, PaKkTudecku cornacmics co CIyIKuM, KOTOPBIA,
3aIuIas CBOI KHUTY [36] OT KPUTHKH, yKa3aj, 9To “HEJOCTATKU U3JI0KCHHS
[Mupcona — BpemeHHbIE” ¥ OYIyT MPEOIOJICHBI TAK e, KaK 3TO CIIYYHIIOCH C
Hegocratkamu ananusa X VII — XVIII Bs. [60, c. 132].

5.5. 3amMeyaHune 0 TeOpuU BEPOATHOCTEIH

Mp&1 He MOKeM 00OWTH MOJTYaHHEM OOIIHE pacCcy aAcHUsT MapkoBa o Teopuu
BepoATHOCTEN. OH (c. 4) IpUBEI KJIACCUYECKOE OINPEIETIECHUE BEPOSITHOCTH, HO
Nn00aBUI, YTO “NOHSTUS OMPEIEINIAIOTCS HE CTOIBKO CIOBAMH ... KaK HaIINM
OTHOILIEHUEM K HUM [T. €. K moHATUAM] (C. 2, mpum.). pyroi npumep
Ype3MEepHOTr0, Ha Halll B3TJIsi, CTPEMJICHUS! K CTPOTOCTH (IIPU OCTaBIIEMCS
IIAaTKOM 0OOCHOBAHHH TEOPUU B 1eJIOM!) BUJIEH HA C. |, IPUM.: “CIIOBO Mbl
[ynorpebieHHOE UM B JKUTEHCKOM CMBICIIE] HE COOOIIACT HCUNCTIEHUTO
BEPOSTHOCTEH HUKAKOH 0CO000H CyOBEKTUBHOCTH .

Hanee, Ha c. 10 (cm. Takxe 1. 5.3) MapkoB BBen cleayroIyo akcuomy: Eciam
PaBHOBO3MOKHBIE COOBITHS ““NIENSITCS 110 OTHOIIIEHUIO K COOBITHIO A Ha
OJlarompusITHBIC U HEOIAronpUATHBIE, TO TIOCIIE TIOSBICHUS A TIOCIICTHIE
“oTmanaioT’”’, mepBbIE XKe “‘0CTaI0TCH ... paBHOBO3MOXHbIMU . Ha c. 13 — 14
MapkoB J10Ka3ajl TEOPEMbI CII0KEHUS U YMHOXKEHHS BEPOSITHOCTEH T0BOJIBHO
CJIOKHBIM IyTeM. Tak, BO BTOPOM cllydae, pacCMaTpuBas J1Ba 3aBUCHUMBbIX
COOBITHS, OH COCJIAJICSl HA CBOIO aKCHOMY B CBSI3H C MOSIBJICHHEM MEPBOTO U3
HuX. 1 BOT nmopasurenbHoe 3aKIII0UCHHE:

“TeopeMbl O CIOXKEHUU U YMHOKEHUH BEPOSITHOCTEH, B CBSI3U C
BBIIIICYKA3aHHOW aKCMOMOM, CITY»KaT HE3bI0JIEMOW OCHOBOM JIJIsi MCUUCIICHUS
BEPOATHOCTEN Kak OTJeNa YUCTON MareMaTtuku” (c. 24).



Jlo6aBuMm, uTo Ha c. 241 MapkoB (He BBIIEIISAS CBOETO YTBEPKIACHUS U3
KOHTEKCTa) MPUHUMAET, TOBOPSI COBPEMEHHBIM SI3bIKOM, PACIIUPEHHYIO
AKCUOMY CJIOKEHHS (M yMHOKEHUs!).

6. BbiBobI

BnieuaTnenue TArocTHOE ... YUeHBIN, OTKPBIBIINI HOBBIE TOPU3OHTHI MEPET
MaTE€MaTUKOM U €CTECTBO3HAHUEM, HE CIIPABUIICS C HOBOM 3a1adei. ['maBa o
MHKB HeyaauHa, a pyKOBOJACTBO B 1I€JIOM (MBI HE UMEEM B BUY €0
MIPHUIIOKEHUSI, KOTOPBIC, KCTAaTH CKa3aTh, HE CIIEIOBAJIO BKIIOYATH B MOA00HOE
COUMHEHME) MPEACTABUIIO TEOPHUIO BEPOSITHOCTEN HA YPOBHE MPEKHUX
HECKOJbKUX Aecaruieruil. [lombiTka npeobpa3zoBars ee B OTJEN YUCTON
MaTeMaTHUKH OKa3allach HETOJIHOM, M MOKHO 3aMeTHTh [61, ¢. 15], uro mepBoe
CUCTEMATUYECKOE U3JI0KEHUE TEOPUU CITyYallHbIX BETMYUH, PACTIPECICHUIN X
BEPOSITHOCTEH M MIX XapaKTEPUCTHIECCKUX (PYHKITUH OsBUIIOCH B 1925 1. [62].

[TprurHaMu TOMy OBLITH U TIOLIATHYBIIIEECS 310pOBbe MapKoBa, a 3aTeM U
€ro HeOXHJAaHHas CMePTh (KOTopasi ObITh MOXKET BOOOIIIE oMeIlIaia eMy
3aKOHYUTH TIEPECMOTP PYKOBOJICTBA), U 00IIee monoxeHue B Poccuu Toro
BPEMEHH, YpE3BbIYAITHO 3aTPYyIHSBIIEE HAYUHbIE CBSI3U C 3apYOCKHBIMU
ctpanamu. Ho mpuxonurcst 100aBUTh: MapKoB ObLIT CITUIIKOM CBOSHPABEH; OH
IIJI0XO BOCHPUHUMAJI 3BPUCTUYECKHE MMOHATHS; YEPECUYP OTpaHUUIMBAI CBOE
T0JI€ 3PEHUS; HEJOBEPUYMBO OTHOCUIICS K Uy>KMM HOBOBBeZeHUsIM. [locnennue
JBa 00CTOSATETHLCTBA CO3BYYHBI M ¢ KOHCepBaTu3MoM UelOrwimeBa [63, ¢. 330], u
C mpoTHBOIIOCTaBIeHHeM PuMana Jlo6aueBckoMy, Ha KOTOPOM CTPaHHBIM
oOpa3om HactauBai JlsmyHoB [64, ¢. 19 — 20] HecMOTpsI Ha CYIIECTBOBABIIYIO
€ANHYI0 KapTUHY HEEBKIIMIOBOM reoMeTpuH, npeacTaBieHHyo KieliHoM.

IpusnamenbHocms. ITOT TEKCT SBISIETCS HECKOIBKO MepepadoTaHHbIM
BApUAHTOM NEPBOHAYATILHOT'O, KOTOPHIN MOSBUJICS HA CBET HA aHTJIMMCKOM
s3bIKe B )KypHaje Historia Scientiarum, vol. 16, Nel, 2006, pp. 80 — 95. Mur
OnaroJjapHbl peAaKTOPy ATOTO KypHAIA 3a TF00E3HOE pa3peiieHue
OITyOJIMKOBATh CTaThIO B MIEPEBO/JIE.
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O. B. Sheynin. Markov’s work on the mathematical treatment of
observations.

I discuss Markov’s contribution to the treatment of observations. In 1899, he
rejected the theory of correlation and refused to recognize any advantages in the
application of the method of least squares (and insisted on this opinion to the
end of his life) but supported the Gaussian mature justification of the method. In
later life, he had been too critical of Pearson but gradually somewhat softened
his attitude under Chuprov’s influence. However, even the posthumous edition
of his treatise (1924) insufficiently reflected the new statistical ideas and
methods, partly because of his worsened health and the difficult general
conditions in Russia, and partly owing to his personal traits. A special feature of
his treatise is an extremely unfortunate attempt to elevate the theory of
probability to the level of pure mathematics.

Romanovsky’s Correspondence with K. Pearson and R. A. Fisher
Oscar Sheynin
Abstract

Eight letters from Romanovsky to Pearson (1924 — 1925) and 23 letters between him and
Fisher (1929 — 1938) are published for the first time. The letters to Pearson were occasioned
by Romanovsky’s manuscript sent to Biometrika (it appeared there in 1925), by his attempts
to continue publishing there and the overlapping of their findings. Among the topics discussed
in Romanovsky’s correspondence with Fisher were the latter’s books, his 7-statistics and field
experiments. In a letter from Paris Romanovsky asked Fisher to help a Russian emigrant
scientist.

1. Introduction

Vsevolod Ivanovich Romanovsky (1879 — 1954) was an outstanding mathematician and
statistician. I refer to his works but in some cases the reader should consult the complete
bibliography of his writings in Bogoliubov & Matvievskaia (1997), abbreviated as B&M.
These authors described his life and work, and, in particular (p. 85), mentioned his
acquaintance with Karl Pearson (which I am unable to confirm) and Ronald Aylmer Fisher.
For my part, I make public his correspondence with these most eminent statisticians and
specify or add the relevant bibliographic information® but omit unimportant everyday details.
Two letters from Romanovsky’s correspondence, both written in March 1931 on the role of
prior distributions in formulas of the Bayesian type, are already published (Bennett 1990, pp.
200 — 202). The reader will notice that Romanovsky’s English was very imperfect but
understandable and that his terminology is now dated, see Note 8.

As a preliminary, I supplement B&M by a few words. In 1923, Chuprov became interested
in Romanovsky’s work. Sometimes revealing there “rather large mistakes”, he nevertheless at
once made him out as a prominent scientist and entered into correspondence with him
(Sheynin 1996, pp. 50 — 53), cf. the beginning of Letter 23. I also noted (Ibidem, pp. 40n and
96) that, at the beginning of his scientific career, Romanovsky had certainly overrated the



Bortkiewicz law of small numbers and stressed the natural-scientific essence of the law of
large numbers and invariably called it a physical law [21, p. 18; 22, book 1, p. 127].

Romanovsky’s ties with Western statisticians were not at all restricted to correspondence.
He published many important papers in Europe one of which [11] served as a point of
departure for E.S. Pearson and Neyman. Even after several decades, the former did not forget
to testify to this (E.S. Pearson 1966). In 1939, on the occasion of his jubilee, the Central Asian
University in Tashkent, where Romanovsky was working since its establishment in 1918 until
his death, published a collection of papers written by many most eminent Soviet and foreign
mathematicians and statisticians in his honour (Zbornik 1939).

Then, Romanovsky published four reviews of Fisher’s books. He [14] described in detail
Fisher’s Statistical methods (1934) justly calling it a “remarkable phenomenon” (p. 127) and
indicated that it was already translated into Russian and published “as a manuscript in a small
number of copies”, cf. Letter 28. Nevertheless, an ordinary Russian edition appeared only in
1958 and even then the (state-owned) publisher accompanied it by a critical comment (p. 5).
There, he accused Fisher of a “bourgeois narrow-mindedness and formality of views”,
disregard of the qualitative side of social phenomena etc. For that matter, in Russia, a
combined work of mathematicians and sociologists was unheard of at the time.

In [13] Romanovsky indicated that the work of Fisher and his associates was based on
experimentation of many years and predicted the importance of their main ideas. Soon
Romanovsky [16] described Fisher’s new book (1935), Design of experiments, and concluded
that it deserved “greatest attention” (p. 125). It was not, however, translated. Finally,
Romanovsky [19] reviewed the tables Fisher & Yates (1938). He called them valuable but
added that they should be published in Russian in a revised and supplemented form. This,
however, had not happened either.

From about 1927 the general situation in Russia, and certainly in statistics as well, sharply
deteriorated. In particular, it became dangerous to cite Pearson favourably (Sheynin 1998)>.
And it seems that even Fisher became suspicious. In addition to the above, I indicate an
editorial note to Romanovsky’s paper [9], see its p. 224:

The editorial staff does not share either the main suppositions of Fisher, who belongs to the
Anglo-American empiricists’ school, or Romanovsky’s attitude to Fisher’s
constructions ...

I stress that, although the Anglo-American statistical school had indeed been empirical to a
large extent’, the only occasion for such an attack could have been the general directive to
deny all the bourgeois. Thus, Maria Smit (1927/1930, pp. 8 — 9) absurdly accused
Romanovsky (and L.K. Lakhtin) of considering random variables with permanent laws of
distribution. That, she declared, contradicted both the spirit of Darwinism and the Engels
dialectic ... I (Sheynin 1998) have already cited that worthy troglodite. Now, I might add that
she had no incling of the difficulties connected with studies of such general densities (or, for
that matter, of mathematics at all) and that she stated, in equally bad Russian, that “Engels’
opinion retains its validness”.

Even in 1938 Romanovsly [18, p. 17] nevertheless called Pearson the head of contemporary
mathematical statistics; or, more precisely [17, p. 49], its co-creator (together with Galton). In
the second case he added that “we also ought to name Fisher, Charlier and Chuprov”".
Fisher’s subsequent findings advanced him to the very first place in statistics.

After World War II the Soviet authorities launched a new attack against mathematical
statistics. In 1948, a Second All-Union Statistical Conference took place in Tashkent (Vtoroe
1948) and Romanovsky naturally became chairman of its organizing committee (B&M, p.
92). In his report, Kolmogorov (1948, p. 220) mentioned the “great” work done by
Romanovsky and his school, but another speaker (Sarymsakov 1948, p. 222) blamed his



teacher for “following in the Anglo-American direction”. Moreover, the conference (Vtoroe
1948, p. 314) carried a resolution that indicated, without naming anyone, that there existed
“servility and cringing to all foreign” and approvingly put on record that Romanovsky had
admitted his previous ideological mistakes. The resolution also “decisively” condemned
Nemchinov, with whom Romanovsky had been in correspondence (B&M, p. 93), for his
active opposition to [the notorious humbug] Lyssenko.

The conference had a sudden consequence. Romanovsky published an unfortunate manual
of error theory [20]. Like many other mathematicians and statisticians, he was not sufficiently
acquainted with that subj ect’ and no wonder that Chebotarev (1951) expressed reasonable
criticism. However, he also recalled that Lenin had called Pearson a Machian and an enemy of
materialism and he attacked Romanovsky (and the historian of astronomy Idelson) from the
ideological viewpoint. Finally, Chebotarev formulated a few absurd remarks. Thus (p. 8),
Romanovsky, like Mach and Pearson, only attempted to describe phenomena whereas Marx
had established that the world should be changed rather than described ...

Answering that lackey, Romanovsky [21, pp. 17 — 18] stated that Pearson’s mathematics
should not be lumped together with his philosophy, and that he, Romanovsky [18], supported
the constructions of the Biometric school by a stochastic base and thus amended them®.
Chebotarev (1953), however, repeated his accusations, although later on, likely being
compelled by a somewhat improved general political situation, he (1958, pp. 571 and 586)
began to recognize Romanovsky7.

The correspondence below shows that Fisher held a high opinion of Romanovsky: not only
did he describe his own work to his Russian colleague, he also expressed his desire to see
Romanovsky’s writings, even if in Russian (Letter 29). And Pearson published five of
Romanovsky’s papers in Biometrika and he certainly had to correct the English in each of
these. Romanovsky’s political inclinations are also felt in his correspondence: the GPU (more
correctly, OGPU, the forerunner of the KGB), as he wrote (Letter 11), was “the most
dreadfull and mightful organization in the present Russia”. And my own experience, on my
own scale, tells me that for him the correspondence should have certainly been a vent for
fresh air.

2. Romanovsky’s letters to Pearson

Letter No.1, 18.12.1924

I send you with this letter a paper on the distribution of the means and standard deviations
in samples of an arbitrary number from normal populations with one or two argumentss. I
think that it can interest the readers of Biometrika for it contains the complete and rigid
solution of some problems which are partly not completely solved and partly new, as I know.
I beg you to pay attention to the following places of my work:

P. 7, formula (21): the generating function of the moments of stand. dev. for one variable,
and formula (22) — their general expression.

P. 10, formula (33): the exact value of the mean error of stand. dev. in samples of number s.
On the p. 11 I give a short table for s = 2 to 30 of the true values of probable error of st. dev.’
and of approximate values, published in Your Tables.

P. 18, formula (44): the generating functions of the moments of means in samples of
number s from normal population with two arguments; p. 19, form. (52): their general
expression.

P. 28, form. (81): the generating function of the moments of the products of st. deviations
in samples from the population with two variables.

P. 31, form. (87): their general expression.

P. 35, form. (101) and (102): the equation of the surface of distribution of st. deviations for
the same case.

Many other results I do not mention. I have received them by a method which I discovered
some months ago and which I have hold for new till now. When I had finished my work and



some other investigations with these method I have received from Prof. Tchuproff some his
papers and among them his note (1924) on the book of Mr. Soper (1922) which I do not
know, for I could not get it till now. From this note of Prof. Tchuproff I knew that my method
in some essential points is contained in the Mr. Soper’s book. I do not know the content of
this interesting book and can only suppose as far as I know it from the note of Prof. Tchuproff
that my method differs from the method of Mr. Soper in some directions (for example, in a
symbolical calculus of moments and in its applications to continuous distributions), which are
not unimportant. However, I do not pretend much, I state only that I had come independently
to the same fundamental ideas as Mr. Soper, and that I developped them in some new
directions. I hesitated how to include in a Post-scriptum all these remarks but finally I
resolved to omitt them. If you accepte my paper for Biometrika (it would be very desirable for
me and important), and if You find necessary to accompany it with some remarks on its
relation with the Mr. Soper’s method, I beg You very much to denote my independence from
Mr. Soper.

Now I have finished another research on the product-moments of the form (in samples from
normal population) [t", [t %0, [t ‘0> where '

Hu=19Y G- 0-MN4x =15 x

Y=Y, yifa=1/5Y, -3 He=>01/5Y, ¢-5)

and on the equation of distribution of the quantities [L;, W20, and [ op. I have found the

generating functions of these moments and the equation of distribution of these three
quantities. The particular result of the last is the exact value of mean error of coefficient of
correlation. It is following:

2 2.2
6.2 T R 1 (s 12 Ay DT

_w=bHr 1. N
s—1 (s+D(1-717) F@;1;(s+3)/2;r)

4r*r(s/2)

F[1/2; 1/2; D/2; 4.
oD sz § ARG+ Dz

Here F denotes hypergeometrical function, 7 is coef. of corr. for samples of number s and
r — coef. of corr. of the general population. From this formula it is not difficult to find the
ordinary used first approximation = ©. 2(1-rH% (s—1), and the approximations of the
higher orders.

I prepare now a paper containing the exposition of these results and I shall send it to You if
You do not refuse to accept it. [ am very glad that my paper on the moments of a
hypergeometrical series will be printed in Your journal. If you find that some corrections and
alterations in my paper must be made, I beg You to make them. I add to the remark on the ©.
that

(T2 (s = 1D/2]} = (s 2/4) [1 = (3/s) + (5/2s3) — (1/8s1) + ... ].

Letter No. 2, 9.1.1925
I am returning you the proofs of my paper with many thanks for your corrections. The
proofs are excellent and I have found almost nothing to correct in them. I am late with them

because they were retained some days in our university befor to be handed to me.
Letter No. 3, 5.5.1925



I 'am very obliged for your very interesting letter. The problems you write me on are
difficult and attracting and I do not see for the moment how to solve them (I mean the
distribution of By and By, U3, U4, etc, Iy o €tc being much easier)u.

The methods of R. A. Fisher or of generating functions seem to be of little use in these
problems. I have a method of obtaining very various classes of moments of an arbitrary
distribution of two variates, but, applied to your problems, it would involve infinite series of
very complicated nature and it would be very difficult to prove the convergence of these
series. I am very sorry that for some months I shall not be able to work on statistics, for I am
writing now a text-book of analysis'® for an editor in order to have necessary money for the
voyage in England which I hope to do in the beginning of 1926.

For the same reason I could not rework my paper on the distribution of standard deviations
very thoroughlyl3. Yet I have much shortened it and added to it my results on the coefficient
of correlation. Now I send you this rewritten paper. I hope that it will be more satisfactory and
beg you to publish it in Biometrika.

Letter No. 4, 2.6.1925

I 'am very sorry that there is some clashing in our work and that my paper cannot be
published in Biometrika. I shall try to publish it in Metron or in Nordisk statistisk tidskrift.

I would be very glad if you added to your paper that many results contained therein are
reached by me by a different method and independently from y0u14. Thus I can indicate your
equations (v), (viii), (x), (xiv), (xxiii), (xlii1), (xliv) and (xlv) which are also in my paper
besides some other results which I do not find in your paper (the general formulae of the
product-moments L2, Loz, IL11, of 65, Gy, L and of correlation coefficient, their generating

functions, the equation of distribution of [l 59, Loz and 1 j; etc). Perhaps it would be of

interest to indicate the mean error of correlation coefficient in my form, which is (in your
notations) [here Romanovsky rewrites the same formula from his Letter 1 although in a
somewhat different notation. O. S.] and which is different from your equation (xxv).

I thank you very much for sending me your very interesting paper".

Letter No. 5, 1.9.1925
I must beg you to excuse me that I answer your letter of the 15-th June only now. I was not
in Tashkend.

['am preparing now a paper on the distributions of L1, and p,, =76, /G, which I hope

soon to send you for Biometrika.

This summer I have received some results of purely mathematical and some of statistical
character. For example, I have demonstrated that the mean of some variate in samples of
number s from a population with any distribution of this variate tends to be normal for
s— o0, if some restrictions are laid on the growth of the moments of the variate. Then, I have
discovered some interesting relations between the moments of any distribution and the
coefficients of its taylorian expansion. [ have also constructed an example of non-linear
correlation whose correlation coefficient can be made as near to unity as you desire. If these
results can be interesting for Biometrika 1 can send you short notes on them.

I have, endly, systematized several general theorems on the distributions [such as “given
the distribution @(x;; x7; ...; x,,), to find the distribution of any functions of xi, x, ..., x,”;
“given the distribution of x, y, z in a general population, to find the distribution of any
functions of the samples of number s from this population” and so on]". I consider only
continuous distributions.

Letter No. 6, 2.10.1925



I am very sorry that it may seem to you that I have acted incorrectly in regard to you, Fisher
and others publishing my notes in the Comptes rendus. 1 have not pretended in them that my
results are new and it is not written there. [ have only written that “le but de cette note est
d’indiquer une méthode nouvelle pour la recherche” etc'® and I think that my method is
indeed new. This does not contest Mr. Fisher in his note published in the Comptes rendus
(1925) and containing the solution of an integral equation which I have received in one of my
notes and could not to solve. Besides my aim in publishing the notes was not the claim of
priority or of newness but to indicate a method which can be of use in many similar questions.
I am very sorry that, trying to be short as possible, I have omitted all indications of the results
already known and of their authors. But I think that this cannot lead anywhom knowing the
modern state of statistics in mistake.

I can add to my explanations that my two notes on mathematical statistics were sent
together in February befor I have received your letter with your paper (1925) which has
reached me at the end of May or the beginning of June (I cannot remember exactly).

It is a very great grief for me that, as you write, I cannot be a contributor to Biometrika —
the best journal of the theoretical statistics — and still greater one to have lost your good
esteem of me. I shall be very obliged to you if you write me how you accept my
explanationsl9.

Letter No. 7, 5.11.1925

I think that I misunderstood the rules of Biometrika: 1 thought that the quite short abstracts
from the contributions to it can be published elsewhere (such is the custum in many
mathematical journals). I beg you to excuse me of this misunderstanding and of sending you
my paper on the distribution of the regression coefficient: I see now that it could not be
printed in Biometrika®.

In order to clear up the matter wholly I beg you very much to write me if you could to
accept my other contributions which are and will not be published nowhere or if you refuse in
general my contributions to Biometrika.

The Statistical Cabinet of the Law faculty of our university through an agent of our
Government will purchase an exemplar of Biometrika for its library. The Faculty begs you not
to refuse to send the journal to the Cabinet or to whom will indicate the agent.

3. Romanovsky’s correspondence with Fisher
Letter No. 8. Romanovsky — Fisher 9.10.1929
I would be very glad to see you and to visit the Rothamsted station" ...

Letter No. 9. Fisher — Romanovsky 10.10.1929
... perhaps you can visit us on Monday, October 14th. And if it suits you stay with us for a
while.

Letter No. 10. Romanovsky - Fisher 18.10.1929
... I'shall visit you again on Monday if you do not object it. I shall be glad to see you and
all your friends ... again.

Letter No. 11. Romanovsky - Fisher 28.10.1929

There is [here] in Paris a friend of mine who was some years ago a lecturer of polytical
economy at the University of Tashkend and now, as an emigrant, allready two years, lives in
Paris. He is an able scientist who has published two books®*... These books were much
praised as original and novel in views and working out of data. They are written, I must add,
quite not in an orthodoxal Marxian manner. The name of the author is Alexander [Petrovich]
Demidoff. He is now 36 years old and is a bearer of quota immigration visa for U.S.A. In



Paris he was earning his, his wife and his little daughter’s life serving at a bank (very little
gaining, I must add) and in leisure minutes he was working in the libraries of Paris on a big
problem: the present economical state of England, its development and its future. His views,
as far as I can judge, are very interesting and in some points original.

Now I come to the aim of this letter. Mr. Demidoff lives in very difficult conditions and has
no prospects to finish and publish his work just mentioned. Perhaps, you and Prof. Hotelling23
could help him to receive the Rock[e]feller’s stipend for a year in order he could quietely
work on his problem? He will send you a prospect of his work and I ask you and Prof.
Hotelling to read it and to write to Mr. Demidoff if he can hope to obtain a help and how he
can act further for this aim. You and Prof. Hotelling have many american friends and if you
find it to be possible you can help him very much.

There is yet a very important point. If you and Prof. Hotelling resolve to help to Mr.
Demidoff, please do not remember at all my name, for it can end with my emprisonment by
GPU (Chief Political Administration of Soviet Russia, the most dreadfull and mightfull
organisation in the present Russia). It is a crime, and a very heavy one, from its point of view
my endeavouring to help an emigrant, although there is no politics in my action but only the
desire to help to an able scientist who can do much important work being placed in good
conditions. Act if thus as if you knew only Mr. Demidoff’s prospect and his book, which, I
hope, he will also send you.

To morrow I go to Berlin and from there to Moscow. My best remembrance from my
voyage abroad is and will be Rothamsted Experimental Station and the men I had known
there. ... Please do not write to me in Russia on Mr Demidoff and read this letter to Prof.
Hotelling.

Letter No. 12. Romanovsky — Fisher 22.12.1929

Romanovsky begins with season’s greetings and continues:

I'have received your Christmas card and your last [latest] paper also and bring you my
thanks for them. Write me, if you please, the name of the author and the title of the book on
statistics of enginiring I have seen at you: I shall purchase it for me. I beg you also to write me
a short description of the scheme of the increasing of precision of plot experiments I have
seen in your laboratory at the Rothamsted Station. I have forgotten it and some agronomical
researchers here are very interested with it.

Letter No. 13. Fisher — Romanovsky 6.1.1930

The title of the book you refer to is [Fry (1928)]. I am not sure what you refer to about Plot
experimentation. You have my book? and various papers on the subject. There is in my
laboratory a diagram illustrating the logical position of the three principles of plot
experimentationzs. ..

Letter No. 14. Romanovsky — Fisher 22.3.1930

I have received some papers of you and your friends and perused them with great pleasure.
Twenty years ago I was much occupied with the theory of the prime numbers and published
some papers on them. Then, having no table of the prime numbers under my disposition, I
prepared it myself, up to 2000, with the same principle as it is constructed in your note on the
sieve of Eratosthenes [Fisher (1929a)]. Thus it procured me much pleasure to see your note
and to know that you also have not escaped the fascinating power of the prime numbers — one
of the most wonderful things in the world.

I am much occupied in our university and have still no time to study your and Craig’s
papers on the theory of moments®. I shall do it in summer. Some rare hours of leisure I have
spent on the investigation of a class of integral equations which I have found in connection
with further development of Markoff’s chains (you have a note on them)?’. These equations



seem to be novel and I have developped their theory analogous to that of Fredholm. I shall do
a communication on this theory and on further generalisations of Markoff’s chains this
summer at the Congress of the Mathematicians of USSR which will take place in Kharkov

Just in this moment I have received a letter from the Organizing Committee of the Congress
(I am one of its members) and there stands that many foreign mathematicians (Borel,
Hadamard, Lichtenstein, Levi-Civita, Blaschke, Cartan, Denjoy, Montel, Mandelbroit and
others) will take place at the Congress and read communications. Perhaps you should also
come and read on your researches in the math. statistics? It would be splendid to meet you at
this Congress!

Letter No. 15. Fisher — Romanovsky 11.4.1930

I am afraid I cannot manage the trip to Kharkoff in June next as I seem to have in other
ways a very busy year in front of me. Many thanks for the suggestion. I hope you will have a
successful meeting.

I'am glad to hear of the new class of integral equations; it is a subject that I admire from a
distance®. The combinatorial procedure for evaluating the higher moments of algebraic
statistics may, however, be intimately of interest in this regard. It was a long while before I
could see the reason for all the simplifications which the method introduces. Indeed it is still a
mystery to me why the algebraic coefficients corresponding to the “patterns” should be so
simple.

I worked out the other day the coefficients corresponding to the three symbolic figures ...
[Fig. 1] which are all that are wanted (in the case of a normal population) for anything like the
4™ semi-invariant of the distribution of ks, such as (with two variates) any 4™ order semi-
invariant of the simultaneous distribution of ka4, k31, k22, k13, k0429. Well, the patterns have
eight rows each, and the number of separations of eight parts is very large, so that it was very
heavy work before I had the coefficients; but when all is done they are simply

nn+1) (n* = 8n° + 210 = 14n + HI(n - 1)° 1 -2)° (n - 3)°,
P m+1Y =2)n-3)n-1)7> n-27°n-3)°
nin+ 1) (" =97° + 230 — 1ln+ Dl(n-1° (n-2)° (n - 3)°.

So that letting N;, N,, N3 stand for these three expressions the 4™ semi-invariant of ks 1S
simply

4 -12° (9N, + 8N, + 36N )k®

and, for example, for the 4th semi-invariant of k; in the bivariate problem, we have only to
subdivide the numerical factors by supposing that the four rods which meet at each point are
two black and two red, and enumerating the number of ways of linking them up with 0, 2, 4,
6, or 8 black-red junctions (as opposed to black-black or red-red junctions which must be
equal in number and supply the factors kg, ko2). Thus in every problem the algebraic
coefficients are the same, and they are so simple that one feels that one ought to be able to
write them down by inspection of the pattern, or of its symbolical diagram.

I am glad you liked the sieve. I feel that Eratosthenes has been too long exposed to the
patronising remarks of his critics!

Letter No. 16. Romanovsky — Fisher 28.10.1930
I am very thankful for the copies of your works and of your collaborators and assistents.
They are regularly received here and are very interesting and important for me, especially



since I am more closely connected with the Cotton Research Institute organised here, in
Tashkend. The works of the Rothamsted Experimental Station and your methods for field
experiment are of much aid for me and I am propagating them very zealously.

Much time is lost in performing my professional duties and so I am almost unable to write
on my personal researches. I am much advanced in the investigation of phenomena connected
in chains and depending from random (Markoff’s chains as I name them) and the results are
very interesting from the point of time series. My intention is to write a memoir on these
results but all my time I am spending in new researches: it is not very pleasant to lose it in
writing down acquired results. It would be splendid if I could to spend all my time only in the
quiet work in libraries like I did it past year in Berlin, Paris and especially in London (The
British Museum is the most beautiful and comfortable library).

What are you working on?

Letter No. 17. Fisher — Romanovsky 14.11.1930

I'am very glad to hear that my reprints have been safely received, and I shall be much
interested to see more of your own researches as they are published. I have long intended to
gather together the most important mathematical researches of recent years in a book on
Mathematical Statistics, but so far I have not found the time to make any real progress with
this task.

I am very glad you found the Library of the British Museum convenient to your work, and
hope that you may again have an opportunity to visit us, and carry out the more substantial
researches you have in mind.

My family is well. I hope Mrs Romanovsky and your daughter are also in good health™.

Letter No. 20. Romanovsky - Fisher 22.12.1931
Season’s greatings.

Letter No. 21. Fisher — Romanovsky 5.1.1932
“Belated” season’s greatings. He continues: I sincerely hope that your country may in time
reap the rewards of the great efforts and sacrifices which are being made.

Letter No. 22. Romanovsky — Fisher 19.1.1934

I'am very glad to congratulate you with the professorship in the London University. Your
field of activity is now widening and I hope it will be to the benefit of the science and
yourself.

I would be very content if you send me the prospects or the plans of the researches of the
laboratories which are now under your guidance. It interests me very much as also all what
concerns the organisation of your laboratories.

Our Physico-Mathematical Research Institute is developping steadily and I hope very soon
to send you the proofs thereof: the offprints of papers, mine and of my collaborators, made in
the Institute.

Are you now living in London or, as before, in Harpenden?

Letter No. 23. Fisher — Romanovsky 5.2.1934

I 'am very glad to have your letter, and to see your handwriting again. I am glad to hear of
the Physico-Mathematical Research Institute in Tashkent. I have recently been seeing some of
the indirect effects of your activity in the improvement of methods of experimentation in
Cotton trials. I suppose the new Institute will be concerned with the technology of cotton
spinning.

My new department will, I am afraid, only be slowly organised. I want to give Students of
Eugenics working here an opportunity to acquaint themselves thoroughly with modern



genetical knowledge in animal material. I find I have a nice animal house, and have been
engaged since I have been here in getting adequate equipment for the photographic studio,
and now for the Laboratory. All the equipment here was very old and bad. I hope later to have
a Biological Assistant but he is not yet appointed, and at present I have only two Biological
Voluntary workers.

The department of Statistics has been separated from the Galton Laboratory3l, which saves
me from having to organise the Statistical teaching, but has the bad effect that Students have
not always confidence enough to ask my advice on Statistical points when they need it. I have
been lecturing on the Logic of Experimentation, and also on Quantitative Inheritance, and a
very good class chiefly of members of the staff have been coming to the lectures, but I am
afraid I am not an experienced lecturer and the preparation of the lectures has taken more time
than I ought to give.

I shall continue to live in Harpenden, as the new Laboratories are conveniently accessible
from there, and I hope some day to welcome you, or perhaps a Student from your University
in the Galton Laboratory.

Letter No. 24. Romanovsky - Fisher 4.12.1935

I would be very obliged to you if you indicated me how are established two approximate
formulae, p. 221 of your Statistical methods .2 Tamalso puzzled why you use, in the
analysis of variance,

z=1/21n (s;%/s2%)

instead of s 12/822. Many thanks in advance for the answers.
Season’s greetings follow.

Letter No. 25. Fisher — Romanovsky 20.12.1935

So far as I remember I obtained the approximation on page33 for the test of significance of z
where both n; and n, are large by obtaining the moments of the distribution of z, or rather its
cumulants, from its characteristic function. I forget the details, but clearly the factor
[(1/ny) — (1/ny)] is a simple allowance for the third moment, while the first term is derived
from the normal distribution.

I had a good many reasons for using z instead of some function of it in the test of
significance in the analysis of variance. One important reason was that in order to make a
compact table it is necessary that the test value should be well interpolated by what I call
asymptotic interpolation using the reciprocals of the numbers of degrees of freedom and this
is more true of z than of any other simple function. A second point is that half the tabulation is
saved by the fact that reversing the sign of z and interchanging n; and n, we have the 5% and
1% points at the opposite ends of the distribution. Finally, the close analogy between
interclass and intra class correlations is paralleled by that of the values of z obtained from r by
the same transformation. The advantages of this transformation I have set out in the book.

Please accept my kind wishes for yourself and family during the coming year. I am sending
a copy of a recent book of mine, which may, I hope, interest you.

Letter No. 26. Romanovsky — Fisher 23.1.1936

Many thanks for your excellent and very interesting book [Fisher (1935)]. I shall read it and
write a note on it like one I have written on your Methods for Research Workers and sent you
some time ago. Have you received i

In some days I shall send you my last [latest] memoir [15].

Letter No. 27. Fisher — Romanovsky 1.2.1937



I'am very obliged for the cuttings of the two reviews of the Design of Experiments
which you were good enough to send me. I am having them translated into English.

Letter No. 28. Romanovsky — Fisher 15.10.1937

One of my pupils, V. Peregoodoff, ... has translated in Russian your Design of
Experiments35. The translation will soonly be published and it is intended to accompany it
with your portrait in the frontispice. V. Peregoodoff does not dare to beg you to send him it
and asked me to write to you. I do it with great pleasure for I appreciate your book very
highly. We all shall be very thankfull to you. ...

I have read a conference on your book in the Society of Naturalists at our university and
now prepare it for publishing.

My time is now very occupied (I am now dean of the physico — mathematical faculty of our
university) and I work very little in statistical research and I publish still less. But I hope to
publish soonly some of my last [latest] researches in the theory of probabilities and in the
math. statistics. At the end of this year will be printed my book [22], a big volume containing
much of the recent researches, with demonstrations, more a mathematical work than practical.
I shall be glad to send you an exemplar.

Letter No. 29. Fisher — Romanovsky 1.11.1937

I am delighted to learn that one of your pupils has translated my Design of Experiments,
and, naturally, wish the greatest success to this publication. Nevertheless your request for a
photograph does somewhat embarrass me, for the following reason.

I understand that the Soviet Government does not legally recognise the copyright laws of
other countries, although, in fact, they make arrangements with the publishers who possess
these copyrights. I do not think my publishers, ... have been approached, or have given
permission for this translation, and in these circumstances I cannot myself cooperate in what
they may regard as an infringement of their rights.

I have reason to believe that, if the Department concerned, approached [the publishers] with
an offer of no great magnitude, even though payable only in internal currency, they would be
satisfied with this formal acknowledgement of their rights, and would at my request not stand
in the way of what may be a valuable publication. Would you, or Mr Peregoodoff, take the
matter up with the Russian authorities, in which case I should be happy to cooperate.

I'am glad to hear that your services in University organisation are now being recognised,
even though the additional work may withdraw your time from mathematical statistics. |
should very much indeed like to possess a copy of your book when it is published.

Letter No. 30. Romanovsky — Fisher 14.10.1938

I have received from your editors your Tables™. Many thanks for this valuable
presentation. Of course, I shall write and publish a review in some [in one?] of our journals,
for I appreciate very much your new statistical tables. I hope to do it as soon as I can (my
duties have increased very much: I am now elected as a member of the Supreme Council
[Supreme Soviet] (Parliament) of our republic).

Notes

1. Romanovsky’s letters to Pearson are kept at Special Collections, Library Services,
University College London (Pearson papers 831/3); his correspondence with Fisher is in
the Barr Smith Library, University of Adelaide. I myself (Sheynin 1996, pp. 50 — 53)
published two letters from Chuprov to Romanovsky (1923 and 1925) as well as Chuprov’s
later letters concerning him. The Archive of the Russian Academy of Sciences (Fond 173,
inventory 1, delo 17, No. 1) keeps Romanovsky’s letter to Markov of 2.11.1916. Taking
into account Markov’s criticism, Romanovsky revised the proof of one of his theorems,



enlarged on his considerations and expressed his desire to publish his manuscript in
Petrograd (Petersburg). Markov’s answer is not known but the paper in question appeared
many years later [12].

2. B&M (pp. 98 — 101) describe Romanovsky’s ideas [1] on scientific progress and
social phenomena. When mentioning his admiration of Mendel and eugenics, they justly
remark that his conclusions were still possible [to publish] in the beginning of the 1920s.

3. Romanovsky (Ibidem, pp. 225 — 226) attributed to Fisher the Mises concept of
probability. At the very least, Fisher was indeed an empiricist.

4. Earlier Romanovsky [7, p. 1088] called Chuprov “the greatest Russian statistician”.

5. Recall, for example, Fisher (1934, p. 23) who wrongly declared that the method of
least squares was a corollary of the principle of maximum likelihood.

6. Kolmogorov (1947, p. 63) favourably cited [18] as well as the Western school of
statistics.

7. This book (Chebotarev 1958) was written on the level of the mid-19" century with
some elements of linear algebra and mathematical statistics having been added. On p. 579
we find that the Ptolemy system of the world “for 14 centuries held mankind in ideological
captivity”.

8. In present-day terminology, one-dimensional and bivariate populations. The
expression “equation of distribution” (below in this Letter) is also dated. Romanovsky
again mentions the same manuscript in Letters 3 and 4. It did not appear in Biometrika, but
Chuprov (Sheynin 1996, p. 50) later communicated its modified version to Metron. Indeed,
Romanovsky shortened it and added some new material, see Letter 3. The additions
concerned the issue described below in this Letter (see Letter 4).

9. Probable errors calculated for a sample are random variables and do not therefore
possess true values.

10. Instead of x and y read x; and y; respectively.

11. The Pearson article (1925, p. 181) contains only the last two symbols; they pertained
to coefficients of correlation.

12. Such a textbook appeared only in 1939.

13. See beginning of Letter 1.

14. Pearson (1925, p. 199) had indeed indicated:

Writing without knowledge of the papers in Biometrika ... and naturally without
knowledge of my present paper, Professor Romanovsky had reached, dealing only with
the algebraic side, many of the published results and certain additional ones. While
willing to publish the latter, the present cost of printing prohibited the reproduction of
much work already published or about to be published in this Journal. ... I sent him a
proof of this paper and asked him to cable if he were willing that I should add under the
title his name to my own. ... He [his Letter 4?] is satisfied with the statement that many
results contained in the present and earlier papers have also been obtained by him quite
independently and by a different method. I trust for the sake of his additional results that
his paper may shortly be published elsewhere.

And here is Romanovsky’s Remark [4, p. 208] translated from its Russian version:
After completing this article, I received from Prof. Pearson the proofs of his paper (1925).
... It contains some results of my present article derived by means of an utterly different

method.

15. The article Pearson (1925), also see Note 14 and Letter 6.



16. The expression “the mean ... tends to be normal” is unfortunate. Concerning the
indicated findings see [18]. Romanovsky’s discovery of the relation between the moments and
the Taylorian series is unknown to me; see however Delsarte (1930) where Romanovsky is
not cited.

17. See [22, book 2, pp. 47 — 50].

18. Romanovsky quoted these few words from one of his papers [6].

19. Also see Letter 7. In addition to [10], Romanovsky later published two more papers in
Biometrika, in 1933 and 1936. His first articles there appeared in 1923 and 1924. In the
second of these he [3] studied a generalized system of the Pearsonian curves and Pearson
added there his remarks.

20. The manuscript was published in Russia [8].

21. The experimental station near Harpenden. Fisher worked there as statistician for 14
years, from 1919 to 1933.

22. The American National Union Catalog pre-1956 Imprints mentions three books by
Demidov (including those cited by Romanovsky) published in Russia and one more which
appeared in Paris in 1931.

23. Harold Hotelling (1895 — 1973), an American statistician and economist. Corresponded
with Fisher from about 1927 and worked for a few months in 1929 at Rothamsted.

24. Evidently an earlier edition of Fisher (1934).

25. Fisher wrote out five terms: 1) Replication; 2) Random distribution; 3) Local control; 4)
Validity of estimate; of error; 5) Diminution of error; but he numbered only the three first
ones. He also indicated by arrows the directions 1 —2,1-3,1— ,1-5,and 2 — 4.

26. Apparently Fisher (1929b; 1930) and Craig (1930) if only Fisher (1930) was already
published and available.

27. The expression Markov chains dates back to Bernstein (1926, §16) who called them
chaines de A. Markoff. Romanovsky used it in 1929 and 1930. I did not find Fisher’s note
mentioned by Romanovsky.

28. See however Letter 6.

29. Here is Fisher’s marginal note: “There seems to be 34 such bivariate formulae”. The so-
called Fisherian z-statistics &, (x1; x2; ...; X, ), ¥ =1, 2, ... are the most general homogeneous
polynomials of degree r with mean values Ek, equal to the r-th cumulants of the appropriate
sample distribution. Kendall (1963/1970, p. 442) called Fisher (1929b) “the most remarkable
paper he ever wrote” and testified on his next page that Fisher “was never able to explain ...
to me how he thought of these results”. Fisher’s letter to Romanovsky is interesting, in
particular, in this connection, but it only partly explains his ideas. In his paper (1929b) he
investigates, for the same purpose, the partitions of the numbers r (he applies the term
separation in his letter). Even Wilks (1962, §8.2¢) refers readers to special literature on these
statistics. Also see [22, book 1, pp. 88 — 99]. Finally, I note that Fisher had not sufficiently
explained his figures either. He mentioned points and junctions without distinguishing
between them, see below. He adduced other figures in his paper (1929b) with no explanation
at all.

30. Romanovsky’s daughter died in 1925 (B&M, p. 85). The next two letters are those
already published, see §1.

31. The Galton Laboratory of National Eugenics was established in 1907 at London
University. In 1933 Fisher replaced Pearson in the new faculty of (mathematical) statistics,
but it was E. S. Pearson who taught statistics. Fisher was left with eugenics and biometry and
in actual fact (not as he wrote to Romanovsky) that situation disappointed him (Bartlett 1978,
p- 353).

32. Read Fisher (1935, p. 221). The formula below is the known Fisher z-transformation
which he introduced in 1925 in Biometrika; r is the sample coefficient of correlation. In his
book of 1935 Fisher introduced the formula on p. 200 and indicated its merits on p. 207. In



Letter 25 he put forward additional pertinent considerations and Romanovsky [14, p. 126]
apparently agreed with him. The quotient s;%/s,” (in standard notation) is indeed in general
usage in analysis of variance but

(1 + NI = 1) # s12s5%

Later on Romanovsky [22, book 2, p. 21] applied 1/2 In(s,*/s,%) in the same analysis.
33. A blank in the original text.
34. See §1 for the reviews mentioned in Letter 27.
35. See §1.
36. Fisher & Yates (1938).
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